Chapter 1

Analytic Poissonization and Depoissonization

In combinatorics and the analysis of algorithms a Poisson version of a problem (henceforth called Poisson model or poissonization) is often easier to solve than the original one, which is usually known under the name Bernoulli model. Poissonization is a technique that replaces the original input by a Poisson process. Poisson transform maps a sequence characterizing the Bernoulli model into a generating function of a complex variable characterizing the Poisson model. Once the problem is solved in the Poisson domain, one must depoissonize it in order to translate the results back to the original (i.e., Bernoulli) model. A large part of this chapter is devoted to various depoissonization results. As a matter of fact, analytic depoissonization can be viewed as an asymptotic technique applied to generating functions that are entire functions. We illustrate our analysis on numerous examples from combinatorics and the analysis of algorithms and data structures. These applications are among the most sophisticated that we discuss in this book.

S^{OME ALGORITHMS (e.g., sorting and hashing) can be modeled by the so–called “balls-}

and-urns” paradigm in which n elements are placed randomly into m bins. Questions arise such as how many urns are empty, how many balls are required to fill up all urns, etc. It is easy to see that the occupancies of urns are not independent (e.g., if all balls fall into one urn, then all the remaining urns are empty). To overcome this difficulty an interesting probabilistic technique called poissonization was suggested (cf. Section 5.2). In this new Poisson model it is assumed that balls are “generated” according to a Poisson process N with mean n. Due to some unique properties of the Poisson process, discussed below, the streams of balls are now placed independently in every urn, thus overcoming the above mentioned difficulty. Observe, however, that poissonization has its own problem since one must “extract” the original results from the Poisson model, that is, depoissonize the Poisson model. Throughout this chapter we shall refer to the original model as the Bernoulli model.

More generally, let g_n be a characteristic of the Bernoulli model of size n (e.g., g_n is the number of empty urns in the balls-and-urns model with n urns). The Poisson transform is defined as ~G(z) = E[gN ] = ∑ n≥0 g_n z^n n! e^{−z}.

Observe that the input n becomes a Poisson variable N with mean z when z ≥ 0. We later extend z to the whole complex plane. The Poisson transform was introduced by Gonnet and Munro [174] and extended in [339]. When z is complex, we also refer to it as analytic poissonization.

To further motivate our discussion, let us consider the following scenario. We have already seen in this book that many problems arising in the analysis of algorithms are mapped into certain recurrence equations or functional/differential equations (e.g., Sections 7.6.1, 8.7.3 and 9.4.1). Algorithms involved in splitting processes and digital trees are representative examples of this situation. Embedding this splitting process into a Poisson process often leads to more tractable functional/differential equations. Take the following general recurrence describing a splitting process, already discussed in Section 7.6.1,

x_n = a_n + β n∑ k=0 ( n k ) p^kq^{n−k}(x_k + x_{n−k}) , n ≥ 2 with some initial values for x_0 and x_1, where a_n is a given sequence, and β > 0 is constant. Let X(z) and A(z) be the exponential generating functions of x_n and a_n, respectively. By (7.17) of Table 7.3 we find X(z) = βX(zp)e^{zq} + βX(zq)e^{zp} + A(z) − x_0 − x_1z. To further simplify it, we consider the Poisson transform ~X(z) = X(z)e^{−z}, and then ~X(z) = β ~X(zp) + β ~X(zq) + ~A(z) − x0e−z − x1ze−z . (1.1) This is a linear additive functional equation that can be solved by consecutive iterations as shown in (7.67) of Section 7.6.1. But after solving it and eventually finding an asymptotic expansion of ~X(z), we still need a method to extract the coefficients x_n.

In general, if the Poisson transform ~G(z) can be computed exactly, then one can extract the coefficient g_n = n! [z^n]( ~G(z)e^z). This is called algebraic or exact depoissonization. However, in most interesting situations (cf. Example 3) the Poisson transform ~G(z) satisfies a functional/differential equation like (10.1), that usually cannot be solved exactly. Nevertheless, one can find an asymptotic expansion of ~G(z) for z → ∞ (e.g., using the Mellin transform discussed in the last chapter) on the real axis and can bound ~G(z) in the complex plane. Then one aims at finding an asymptotic expansion of g_n from the asymptotics of ~G(z). This we shall call analytic depoissonization. In Chapter 8 we discussed several methods to extract the coefficients g_n asymptotically as n → ∞, from an asymptotic expansion of its generating function. In particular, the singularity analysis is designed to handle this situation when the analytic function is of moderate growth. Analytic depoissonization can be viewed as another asymptotic method, usually applied to functions of rapid growth.

Analytic depoissonization is well understood when the only singularities of the Poisson transform ~G(z) are poles or algebraic singularities. In this case, one can either apply Cauchy’s residue theorem or the singularities analysis (cf. Section 8.3.2). The reader is referred to Gonnet and Munro [174], Poblete [337] and Poblete, Viola and Munro [339] for such analyses. A new situation arises when the Poisson transform ~G(z) is an entire function and consequently does not have any singularity in the complex plane. In this case, one can rely only on partial information regarding ~G(z) and apply the saddle point method (cf. Section 8.4) to extract the asymptotics. This is exactly what we plan to do in this chapter.

Finally, one may ask why poissonization? Why not embed the Bernoulli model into another process? This seems to be a consequence of certain unique properties of the Poisson process that we briefly discuss below. In short, it is the only process that has stationary and independent increments, and which has no group arrivals. To be a little more precise, let us first define superposition and thinning or splitting processes of a renewal (point) process (details on renewal processes can be found in Durrett [115] or Ross [365]). Consider two (stationary) renewal processes, say N_1 and N_2. Then the superposition process N = N_1 + N_2 consists of all renewal points of both processes. To define the splitting or thinning process, take a single renewal process and for each point decide independently whether to omit it (thinning) or to direct it to one of two (or more) outputs (splitting). The following three properties are well known (cf. [365]), but the reader is asked to prove them in Exercise 1: (P1) A stationary renewal process is the superposition of some independent renewal processes only if the process is Poisson.

(P2) A thinning or splitting process is Poisson with parameter zp, where p is the probability of thinning if the original process is Poisson with parameter z.

(P3) Let N(t) denote Poisson arriving points in the interval (0, t). Then Pr{N(x) = k | N(t) = n} = ( n k ) (x/t)^k(1 − x/t)^{n−k}, where x ≤ t. In other words, the points of Poisson process are uniformly and independently distributed in (0, t) conditioned on n arrivals in this interval.

The last property is sometimes called “random occurrence of the conditional Poisson process”.

This chapter discusses results obtained only recently that are still under vigorous investigations. Our goal is to present a readable account of poissonization and depoissonization. However, we also aspire to present rigorous derivations of depoissonization results so that this chapter can be used as a reliable reference on depoissonization. All depoissonization results presented in this chapter fall into the following general scheme: If the Poisson transform has an appropriate growth in the complex plane, then an asymptotic expansion of the sequence can be expressed in terms of the Poisson transform and its derivatives evaluated on the real line. Not surprisingly, actual formulations of depoissonization results depend on the nature of growth of the Poisson transform, and thus we have polynomial and exponential depoissonization theorems. Normalization (e.g., as in the central limit theorem) introduces another twist that led us to formulate the so–called diagonal depoissonization theorems. We also have a short account on the so–called Dirichlet depoissonization recently introduced by Flajolet (cf. [66]). In the application section we discuss the limiting distribution of the time to find a leader using the so–called leader election algorithm, and then we analyze the depth of b-digital search trees for memoryless and Markovian sources. The latter application is one of the most complex in this book.

To the best of our knowledge, poissonization was introduced by Marek Kac [224], who half a century ago investigated the deviations between theoretical and empirical distributions. Aldous [4] gave a heuristic probabilistic principle for depoissonizing small probabilities rather than large expected values which is main focus of this chapter. Exact analytic depoissonization results for meromorphic functions were discussed in Gonnet and Munro [173, 174] and Poblete [337], and Poblete, Viola and Munro [339]. Asymptotic analytic depoissonization for meromorphic function can be found in [174, 339] while depoissonization for entire functions was initiated by Jacquet and Régnier who analyzed the limiting distributions of the depth and the size in tries [210, 211, 352]. Jacquet and Régnier introduced the basic idea of the analytical depoissonization for an implicit solution of a non–linear functional equation. Jacquet and Szpankowski [215], and Rais et al. [346] extended these results and obtained the first general and simple version of the depoissonization result. The presentation in this chapter is based on two recent papers written together with my colleague P. Jacquet [216, 217]. We report here only basic depoissonization results and some of its generalizations. We refer the reader to Jacquet and Szpankowski [216] for more advanced depoissonization results. Recently, poissonization was further popularized in the context of analysis of algorithms and combinatorial structures by Aldous [4], Arratia and Tavaré [20], Clement, Flajolet and Vallée [66], Gonnet [173], Gonnet and Munro [174], Holst [197], Jacquet and Régnier [210, 211], Jacquet and Szpankowski [212, 215, 216, 217], Janson and Szpankowski [221], Rais et al. [346], Fill et al. [122], Kirschenhofer et al. [252], Poblete [337], and Poblete et al. [339].

Finally, we must observe that any depoissonization result is in fact a Tauberian theorem for the Borel mean(cf. [186]), which is nothing else but the Poisson transform defined above. For an accessible account on modern development of Tauberian theorems the reader is referred to Bingham [48].

1.1 Analytic Poissonization and the Poisson Transform

We briefly discuss the poissonization technique. First, we review probabilistic poissonization, then discuss exact analytic poissonization, and finish this section with an overview of asymptotic poissonization.

1.1.1 Poisson Transform

Consider a combinatorial structure in which n objects are randomly distributed into some locations (e.g., one can think of n balls thrown into urns). The objects are not necessarily uniformly distributed among the locations (cf. digital trees). We call such a setting the Bernoulli model. Let X_n be a characteristic of the model (e.g., the number of throws needed to fill up all urns). Next, we define the Poisson model. Let N be a random variable distributed according to a Poisson distribution with parameter z ≥ 0, that is, Pr{N = k} = e^{−z}z^k/k! , and let X_N be the above characteristic defined in the Poisson model in which the deterministic input (i.e., n) is replaced by the Poisson variable N. Then by definition

~X(z) := E[XN ] = ∑ n≥0 E [X_N | N = n] e^{−z} z^n n! = ∑ n≥0 E[X_n]e^{−z} z^n n! . (1.2)

We now analytically continue ~X(z) to the whole complex plane, and throughout we make the following assumption:

(A) The sum in (10.2) converges absolutely for every z, that is, ~X(z) is an entire function of the complex variable z.

This defines the Poisson transform ~X(z) for all complex z.

In general, we use g_n as a generic notation for a sequence characterizing the Bernoulli model (e.g., g_n = E[X_n] or, in general, g_n = E[f(X_n)] for some function f). By ~G(z) or P(g_n; z) we denote the Poisson transform defined formally as ~G(z) = P(gn; z) := ∑ n≥0 g_n z^n n! e^{−z} . Table 10.1 presents some common Poisson transforms. Items 1-4 are obvious. Items 5 (the so–called additive (p, q)–splitting, where q = 1 − p) and Item 6 (i.e., multiplicative (p, q)– splitting) follow directly from (7.17) of Table 7.3, while Item 7 requires only trivial algebra (we return to it in Section 10.3.1). A more complete list of Poisson transforms can be found in [339].

An astute reader should notice that for Items 1 and 2 of Table 10.1 g_n ∼ ~G(n) as n → ∞ while this is not true for Items 3 and 4. In the latter case, the Poisson transform is either of rapid growth (Item 3) or not an entire function (so assumption (A) is not satisfied). For Items 1 and 2 the transforms are of a polynomial growth. This is not a coincidence, and in this chapter we systematically explore the relationship between g_n as n → ∞ and ~G(z) as z → ∞.

Table 1.1: Some Poisson Transforms

Item g_n ~G(z)

1. C C

2. n(n − 1) · · · (n − k + 1) z^k

3. α^n e^{(α−1)z} 4. n!^{e−z}_{1−z} 5. ∑n k=0 (n k ) p^k(1 − p)^{n−k}(f_k + g_{n−k}) F (pz) + G((1 − p)z) 6. ∑n k=0 (n k ) p^k(1 − p)^{n−k}f_kg_{n−k} F (zp)G((1 − p)z) 7. ∑ k≥1 a_k(1 − (1 − a_k)^n) ∑ k≥1 a_k(1 − e^{−zak} )

Example 1.1 Depth and Size of a Trie

Let us find the Poisson transform of the depth D_n for a trie built over n strings generated by biased memoryless source. We define

D_n(u) = E[u^{Dn} ] = ∞∑ k=0 Pr{D_n = k}u^k, D(z, u) = ∞∑ n=0 E[u^{Dn} ] z^n n! , ~D(z, u) = e−zD(z, u). We now derive a functional equation for ~D(z, u) directly from the properties of tries and the Poisson process (without going through a recurrence equation on D_n). We claim that ~D(z, u) = u(p ~D(zp, u) + q ~D(zq, u)) + (1 − u)(1 + z)e−z. To see this, we first observe that digital trees are recursive structures, so the Poisson transform of the depth of the left subtree is D(zp, u) while for the right subtree is D(zq, u) (by property (P2) of the Poisson process). Since the subtrees are one level lower than the root, we have the factor u. But when computing the depth we either go left (with probability p) or right (with probability q), but never both ways. Finally, we know that n = 0 and n = 1 are special cases since for such n there is no left/right subtree recurrence. The probability of having n = 0 or n = 1 in the Poisson model is equal to (1 + z)e^{−z}. We must subtract from it u(1 + z)e^{−z} which represents the subtree structures not accounted in the recurrence. This establishes the above functional equation.

In Exercise 2 the reader is asked to prove that the Poisson transform ~S(z, u) of the trie size satisfies ~S(z, u) = u ~S(zp, u) ~S(zq, u) + (1 − u)(1 + z)e−z for |u| ≤ 1. 2

1.1.2 Asymptotic Poissonization In the previous section we computed the Poisson transform exactly. But there are sequences (e.g., g_n = log n and g_n = n^α for non-integer α) for which ~G(z) cannot be found in a closedform. The natural approach then is to compute ~G(z) asymptotically. We search for the asymptotics of ~G(z) as z → ∞ in a linear cone S_θ = {z : | arg(z)| ≤ θ, 0 < θ < π/2}, around the positive real axis. One expects to find asymptotic expansion ~G(z) in the following form ~G(z) = ∑ i,j≥0 a_{ij}z^ig^{(j)}(z), z → ∞, where g^{(j)}(z) is the jth derivative of g(z) which is the analytic continuation of g_n, if it exists, that is, g_n = g(z)|_{z=n}.

We first identify the coefficients a_{ij} formally, and later derive an error bound. We proceed as follows: ~G(z) = ∞∑ n=0 g(n) z^n n! e^{−z} = ∞∑ n=0 z^n n! e^{−z} ∞∑ j=0 g^{(j)}(z) (n − z)^j j! = ∞∑ n=0 ∞∑ j=0 a_{nj}z^ng^{(j)}(z). (1.3)

We would like to formally set

a_{nj} = [z^n][y^j] 1 n! (n − z)^j j! e^{−z}, where y^j represents formally g^{(j)}(z). This seemingly strange substitution becomes more familiar, if we consider the following series ∑ n,j≥0 a_{n,j}z^ny^j = ∞∑ n=0 e^{−z} z^n n! ∞∑ j=0 (n − z)^j j! y^j = ∞∑ n=0 e^{−z} z^n n! e^{y(n−z)} = exp (z(e^y − 1) − zy) .

Thus formally we define the coefficients a_{ij} as ∞∑ i=0 ∞∑ j=0 a_{ij}x^iy^j = exp(x(e^y − 1) − xy), (1.4)

that is, a_{ij} = [x^i][y^j] exp(x(e^y − 1) − xy). Actually, a_{ij} = 0 for j < 2i. To see this, let f(x, y) = exp (x(e^y − 1) − xy). Observe that f(xy^{−2}, y) is analytic at x = y = 0, hence the Laurent series of f(x, y) possesses only terms like x^iy^{j−2i} with nonnegative powers. These nonzero coefficients a_{ij} have j ≥ 2i.

In view of this, we can write formally ~G(z) in short as ~G(z) = exp (z(ey − 1) − zy) , where yj = g(j)(z). This is a convenient way of expressing analytic poissonization.

In some applications we really want to have an expansion around w = λz, where λ is constant, so we extend a_{ij} to a_{ij}(λ) defined as ∞∑ i=0 ∞∑ j=0 a_{ij}(λ)x^iy^j = exp(λx(e^y − 1) − λxy). Observe that a_{ij}(λ) = λ^ia_{ij}. The same derivation as above leads to the following symbolic representation for ~G(z)

~G(w) = exp (w(ey − 1) − wy) where yj = g(j)(w) (1.5)

and w = λz with λ being a constant. In addition, we directly obtain derivatives of ~G(w) as

~G(k)(w) = (ey − 1)k exp (w(ey − 1) − wy) where yj = g(j)(w) . (1.6)

So far we have used a formal series approach to find ~G(z). But we are really interested in an asymptotic expansion of ~G(z) as z → ∞, thus we must derive an error bound. This is not difficult. However, one must first bound derivatives of an analytic function, and this is discussed next. This is of prime importance to the depoissonization results studied in the next section.

Lemma 1.1 Let θ_0 < π/2 and D > 0 be such that for all z ∈ S_{θ0} the function G(z) is analytic in this cone and |z| > D =⇒ |G(z)| ≤ B|z|^β (1.7) for some reals β and B > 0. Then for all θ < θ_0 there exist B^′ > 0 and D^′ > D such that for all positive integers k and z ∈ S_θ the following holds |z| > D^′ =⇒ |G^{(k)}(z)| ≤ k!(B^′)^k|z|^{β−k} . (1.8)

Figure 1.1: Illustration to Lemma 10.1.

Proof. The proof follows directly from the Cauchy integral formula applied to derivatives. Indeed, from Cauchy’s formula we know that

G^{(k)}(z_0) = k! 2πi ∮ G(z)dz (z − z_0)^{k+1}

(1.9)

for z ∈ B(z_0, r) = {z : |z − z_0| ≤ r} ⊂ S_θ, assuming G(z) is analytic in B(z_0, r) for some r > 0. If |G(z)| ≤ M for some M > 0, then clearly the above implies |G^{(k)}(z)| ≤ Mk!r^{−k} (1.10) for z ∈ B(z_0, r). To prove our lemma, we place a circle of radius r = Ω|z| for some Ω > 0 at the closest corner of the cone S_{θ0} to the right of ℜ(z) = D as shown in Figure 10.1. Setting M = B|z|^β in (10.10) we prove Lemma 10.1 with B^′ = BΩ^{−k}.

Now we can formulate our main asymptotic poissonization result.

Theorem 1.2 (Jacquet and Szpankowski, 1999) Let g(z) be an analytic continuation of g(n) = g_n such that g(z) = O(z^β) in a linear cone for some constant β. Then for every nonnegative integer m and complex w = λz for some constant λ the Poisson transform ~G(z) as z → ∞ has the following representation ~G(z) = m∑ i=0 i+m∑ j=0 a_{ij}(λ)z^ig^{(j)}(w) + O(z^{β−m−1}) (1.11)

= g(w) + m∑ k=1 k∑ i=1 a_{i,k+i}(λ)z^ig^{(k+i)}(w) + O(z^{β−m−1}), where a_{ij}(λ) = [x^i][y^j] exp(λx(e^y − 1) − λxy).

In particular, for λ = 1 ∞∑ i=0 ∞∑ j=0 a_{ij}x^iy^j = exp(x(e^y − 1) − xy) (1.12)

and a_{ij} = 0 for j < 2i.

Proof. In the view of our previous discussion, it suffices to derive the error term. Using Lemma 10.1 we observe that g^{(j)}(z) = O(z^{β−j}) and using a_{ij} = 0 for j < 2i we arrive at the following error term_{2m+1} ∑ j=0 a_{m+1,j}(λ)z^mg^{(j)}(w) = O(z^{β−m−1}) as z → ∞, since w = λz. This completes the proof.

Here are the first few terms of the expansion of ~G(z):

~G(z) = g(z) + 1 2 z g^{(2)}(z) + 1 6 z g^{(3)}(z) + ( 1 24 z + 1 8 z^2 ) g^{(4)}(z) + ( 1 120 z + 1 12 z^2 ) g^{(5)}(z) + ( 1 720 z + 5 144 z^2 + 1 48 z^3 ) g^{(6)}(z) + ( 1 5040 z + 1 90 z^2 + 1 48 z^3 ) g^{(7)}(z) + · · · .

If one wants the error term of order, say O(z^{β−4}) (we assume g(z) = O(z^β)), then we need only one line of the above expansion plus selected terms from the second line, that is,

~G(z) = g(z) + 1 2 z g^{(2)}(z) + 1 6 z g^{(3)}(z) + ( 1 24 z + 1 8 z^2 ) g^{(4)}(z) + 1 12 z^2g^{(5)}(z) + 1 48 z^3g^{(6)}(z) + O(z^{β−4}).

Example 1.2 Poisson Transform of f_n = log(n!)

Let us consider f_n = log(n!). This sequence arises in the analysis of the entropy of the binomial distribution (cf. Example 7 below). Noting that f(z) = log Γ(z + 1) = O(z log z) = O(z^{1+ε}), from Theorem 10.2 we obtain for any ε > 0 ~F (z) = m∑ i=0 i+m∑ j=0 a_{ij}(λ)z^if^{(j)}(w) + O(z^{β−m−1}) = f(z) + 1 2 zf^{(2)}(z) + 1 6 zf^{(3)}(z) + 1 8 f^{(4)}(z) + O(z^{ε−2}), m = 2.

To find the derivatives of f(z) = log Γ(z) = log z + log Γ(z) we use the following expansions as z → ∞: f(z) ∼ ( z + 1 2 ) ln z − z 1 2 + ∞∑ m=1 B_{2m} 2m(2m − 1)z^{2m−1} f^{(k)}(z) ∼ Ψ^{(k−1)}(z + 1) =

(−1)^k(k − 2)! z^{k−1} + (−1)^{k−1}(k − 1)!(2k − 1) 2z^k for k ≥ 2

+ (−1)^k ∞∑ l=1 B_{2l}(2l + k − 2)! (2l)! z^{2l+k−1} ,

where Ψ(z) =^d_{dz} log Γ(z) is the psi function and B_n are Bernoulli numbers (cf. Table 8.1). 2

1.2 Basic Depoissonization

We consider now a sequence g_n and its Poisson transform ~G(z) = P(g_n, z). Throughout, we assume that ~G(z) is an entire function. We first discuss exact or algebraic depoissonization in which the coefficients g_n are extracted exactly from its Poisson transform. Next, we focus on asymptotic depoissonization which is the main goal of this chapter. We again use Cauchy’s formula to find

g_n = n! 2πi ∮ ~G(z)ez z^{n+1} dz = n! n^n2π ∫ π −π ~G(neit) exp ( ne^{it} ) e^{−nit}dt . (1.13) All the asymptotic depoissonization results will follow from the above by a careful estimation of the integral using the saddle point method (cf. Section 8.4). Here we present, and give a simple proof, of a basic asymptotic depoissonization result. Later in Section 10.3 we generalize it.

1.2.1 Algebraic Depoissonization

The exact or algebraic depoissonization is based on the exact extraction of g_n from its Poisson transform, that is, g_n = n![z^n] ( e^z ~G(z) ) . In some cases this is quite simple. For example, applying directly Cauchy’s formula to ~G(z) = e−z/(1 − z) (cf. Item 4 in Table 10.1) we find n![zn] ( e^z ~G(z) ) = n!, as required. The example below illustrates a more sophisticated case. The reader is referred to Gonnet and Munro [174], Poblete, Viola and Munro [339] and Hofri [195] for more interesting examples.

Example 1.3 Ball-and-Urn Model

Consider n balls (items) thrown randomly and uniformly into m urns (table of size m). What is the probability that precisely k specified urns are empty? Under the Poisson model the answer is immediate. Indeed, consider the Poisson process of balls with mean z. It is split into m independent Poisson processes of mean z/m entering each of m urns. All these processes are independent so that the probability P_k(z) that exactly k specified urns are empty in the Poisson model is obviously equal to P_k(z) = e^{−kz/m}(1 − e^{−z/m})^{m−k} = e^{−z}(e^{z/m} − 1)^{m−k}. To find the answer to the original problem, we depoissonize P_k(z) exactly, yielding

Pr{number of empty urns = k} = n![z^n] (e^zP_k(z)) = [z^n] ( n!(e^{z/m} − 1)^{m−k} )

= (m − k)! m^n { n m − k } , where {n k } denote the Stirling numbers of the second kind. The last line follows from Entry 9 of Table 7.2. The above formula can be obtained directly from the Bernoulli model. However, the derivation is much more troublesome. 2

The situation encountered in the last example is rare. We usually cannot invert exactly the Poisson transform and we must resort to asymptotics. The rest of this chapter is devoted to asymptotic depoissonization. We start with a basic depoissonization (Section 10.2.2), then discuss in Section 10.3 some generalizations, and in Section 10.4 we deal with limiting distributions through depoissonization.

1.2.2 Asymptotic Depoissonization

Before we enter the realm of rigorous analysis, the reader should develop an intuition how depoissonization works. We first propose a heuristic derivation. We refer to the definition of the Poisson transform, which we write as ~G(z) = E[g_N ], where N is a Poisson distributed random variable with mean E[N] = n. Treating g_N as a function of N (and denoting it as g(N)), by Taylor’s expansion we have

g(N) = g(n) + (N − n)g^′(n) + 1 2 g^{′′}(n)(N − n)^2 + · · · . Taking the expectation we obtain ~G(n) = ~G(z)|z=n = E[g(N)] = g(n) + 1 2 g^{′′}(n)n + · · · since E[N − n] = 0 and E[N − n]^2 = n. Solving the above for g(n) = g_n we find that g_n ≈ ~G(n) − 1 2 ng^{′′}(n) + · · · = ~G(n) + O(ng^{′′}(n)). (1.14) Provided that ng^{′′}(n) = o(g(n)), (1.15) we expect to have g_n ∼ ~G(n). To emphasize this, consider the following examples:

• Let g(n) = n^β. Then ~G(n) = n^β + O(n^{β−1}), g^{′′}(n) = O(n^{β−2}), thus g_n = ~G(n) + O(ng^{′′}(n)) = ~G(n) + O(n^{β−1}), which is true, as already seen in Table 10.1. This is proved in Theorem 10.3.

• Consider now g(n) = α^n. This time ~G(z) = e^{z(α−1)}, g^{′′}(n) = α^n log^2 α, and it is not true that g_n ∼ ~G(n), as observed in Section 10.1.

• Now we assume g_n = e^{nβ} . In this case, it is harder to find the Poisson transform, but an extension of Theorem 10.2 suggests that ~G(z) ∼ e^{zβ} . We also have g^{′′}(n) = O(n^{2β−2}e^{nβ} ). Observe that g_n = ~G(n) + O(ng^{′′}(n)) = ~G(n) + O(n^{2β−1}e^{nβ} ) and the error is small as long as 0 < β <^1_2 . This is proved rigorously in Theorem 10.8.

The above derivation is hard to make rigorous since it is difficult to control the growth of the derivatives of a function while knowing only its behavior on the real axis. To circumvent this problem, we extend ~G(z) to the complex plane, where the growth of g(z) and ~G(z) are easier to bound (cf. Lemma 10.1).

Enriched by the above intuition, we now prove rigorously some depoissonization results. We start with a basic depoissonization that holds for sequences having a Poisson transform of polynomial growth. As a matter of fact, we have to put certain restrictions on the growth of ~G(z) inside a cone Sθ (called conditions (I)) and another bound on the growth of ~G(z) outside the cone (called conditions (O)). The proof presented below will be modified throughout this chapter to obtain further generalizations but its main ingredients remain the same. The reader is advised to invest some time to study the proof of the theorem below.

Theorem 1.3 (Jacquet and Régnier, 1987; Jacquet and Szpankowski, 1998) Let ~G(z) be the Poisson transform of a sequence g_n that is assumed to be an entire function of z. We postulate that in a linear cone S_θ (θ < π/2) the following two conditions simultaneously hold: (I) For z ∈ S_θ and some reals B, R > 0, β |z| > R ⇒ | ~G(z)| ≤ B|z|^β , (1.16) (O) For z /∈ S_θ and A, α < 1 |z| > R ⇒ | ~G(z)e^z| ≤ A exp(α|z|) . (1.17) Then g_n = ~G(n) + O(n^{β−1}) (1.18)

for large n.

Proof. The proof relies on the evaluation of Cauchy’s formula (10.13) by the saddle point method. By Stirling’s approximation n! = n^ne^{−n} √ 2πn(1 + O(1/n)), thus (10.13) becomes

g_n = ( 1 + O(n^{−1}) ) √ n 2π ∫ π −π ~G(neit) exp ( n ( e^{it} − 1 − it )) dt = ( 1 + O(n^{−1}) ) (I_n + E_n),

where

I_n = √ n 2π ∫ θ −θ ~G(neit) exp ( n ( e^{it} − 1 − it )) dt, E_n = √ n 2π ∫ |t|∈[θ,π] ~G(neit) exp ( n ( e^{it} − 1 − it )) dt = n^ne^{−n} √ 2πn 2πi ∫ |t|∈[θ,π] ~G(z)ez z^{n+1} dz . We estimate the above two integrals. We begin with the latter. Observe that by condition (O) (cf. (10.17)), we obtain |E_n| ≤ A^′ √ 2πne^{−(1−α)n}, where A^′ depends only on A and R. Thus E_n decays exponentially to zero as n → ∞, since α < 1. Now we turn our attention to the integral I_n, which is more intricate to handle. First of all, we replace t by t/ √ n to find that

I_n = 1 √ 2π ∫ θ√n −θ √ n ~G(neit/ √ n) exp ( n ( e^{it/√n} − 1 − it/ √ n )) dt . (1.19) Let h_n(t) = exp ( n ( e^{it/√n} − 1 − it/ √ n )) . We need to estimate h_n(t) in the interval t ∈ [−θ √ n, θ √ n], and find the Taylor expansion of it in a smaller interval, say for t ∈ [− log n, log n] (in order to apply Taylor’s expansion of h_n(t) around t = 0). The latter restriction is necessary since^{t√}_n = O(1) for t ∈ [−θ √ n, θ √ n]. Thus we split the integral I_n into two parts, I^′_n and I^{′′}_n, such that

I^′_n = 1 √ 2π ∫ log n

− log n ~G(neit/ √ n) exp ( n ( e^{it/√n} − 1 − it/ √ n )) dt , I^{′′}_n = 1 √ 2π ∫ t∈[−θ √ n,− log n] ~G(neit/ √ n) exp ( n ( e^{it/√n} − 1 − it/ √ n )) dt + + 1 √ 2π ∫ t∈[log n,θ √ n] ~G(neit/ √ n) exp ( n ( e^{it/√n} − 1 − it/ √ n )) dt . To estimate the second integral I^{′′}_n we observe that |h_n(t)| ≤ e^{−μt2} for t ∈ [−θ √ n, θ √ n], where μ is a constant. By Lemma 8.16 (cf. (8.79)) and condition (I) we immediately see that I^{′′}_n = O(n^βe^{−μ log2 n}), which decays faster than any polynomial.

Now we estimate I^′_n. Observe first that for t ∈ [− log n, log n] we can apply the Taylor expansion to obtain

h_n(t) = exp ( n ( e^{it/√n} − 1 − it/ √ n ))

= e^{−t2/2} ( 1 − it^3 6 √ n + t^4 24n − t^6 72n + O ( log^9 n n √ n ))

Furthermore, using (I) and Lemma 10.1 (with D^′ = (1 + Ω)R and z ∈ S_θ′ for θ^′ < θ) we have | ~G^′(z)| ≤ B_1|z|^{β−1} and | ~G^{′′}(z)| ≤ B_2|z|^{β−2}, for some constants B_1 and B_2. Thus we can expand ~G(ne^{it/√n}) around t = 0 as follows ~G(neit/ √ n) = ~G(n) + it √ n ~G^′(n) + t^2Δ_n(t),

where |Δ_n(t)| ≤ (B_1 + B_2)n^{β−1} since for t in the vicinity of zero Δ_n(t) = − ~G^′(ne^{it/√n})e^{it/√n} − ~G^{′′}(e^{it/√n})ne^{2it/√n}. In summary, the integral I^′_n can be written as

I^′_n = 1 √ 2π ∫ log n

− log n e^{−t2/2} ( ~G(n) + ~G′(n)it√n ) ( 1 − it^3 6 √ n + t^4 24n − t^6 72n ) dt (1.20) + 1 √ 2π ∫ log n

− log n

e^{−t2/2}Δ_n(t)t^2h_n(t)dt (1.21) + 1 √ 2π ∫ log n

− log n e^{−t2/2} ( ~G(n) + ~G′(n)it√n ) O ( log^9 n n √ n ) dt. (1.22)

To complete the proof we must estimate the above three integrals. From Lemma 8.16 and 10.1 we see that the first integral is equal to ~G(n)+O(n^{β−1}). Using our estimate on Δ_n(t) we observe that the absolute value of the second integral is smaller than (B_1 + B_2)n^{β−1}. Finally, the last integral is O(n^{β− 3}2 log^9 n). All together the error is O(n^{β−1}) and Theorem 10.3 is proved.

Example 1.4 Conditions (O) and (I) violated.

Let g_n = (−1)^n, thus ~G(z) = e^{−2z} and condition (I) is true for any β and for any θ < π/2. But in this case the condition (O) outside the cone S_θ does not hold because ~G(z)e^z = e^{|z|} for arg(z) = π. Clearly, g_n is not asymptotically equivalent to ~G(n).

If g_n = (1 + t)^n for t > 0, then ~G(z) = e^{tz}. Condition (O) holds for some θ such that (1 + t) cos θ < 1. But condition (I) inside the cone S_θ does not hold because ~G(z) does not have a polynomial growth. And, as a matter of fact, g_n is not asymptotically equivalent to ~G(n). 2 In some situations verifying condition (O) is quite troublesome. Fortunately, for some sequences having an analytic continuation of polynomial growth, condition (O) is automatically satisfied, as shown below.

Theorem 1.4 (Jacquet and Szpankowski, 1999) Let g(z) be an analytic continuation of g(n) = g_n such that g(z) = O(z^β) in a linear cone S_{θ0} . Then for some θ_0 and for all linear cones S_θ (θ < θ_0), there exist α < 1 and A > 0 such that z /∈ S_θ ⇒ | ~G(z)e^z| ≤ Ae^{α|z|}, where ~G(z) is the Poisson transform of g_n.

Proof: Let S_{θ0} be the linear cone for which the polynomial bound over g(z) holds. Let also g^⋆(s) be the Laplace transform of the function g(x) of a real variable x, that is,

g^⋆(s) = ∫ ∞ 0 g(x)e^{−sx}dx defined for ℜ(s) > 0. It is well known (cf. [101]) that the inverse Laplace transform of g^⋆(s) exists in ℜ(s) > 0 and one can write g(x) = 1 2πi ∫ δ+i∞ δ−i∞ g^⋆(s)e^{sx}ds with δ > 0. In addition, g^⋆(s) is absolutely integrable on the line of integration. Observe now that the exponential generating function G(z) = ~G(z)e^z of g(n) can be represented in terms of g^⋆(s) as follows G(z) = ∞∑ n=0 g(n) z^n n! = ∞∑ n=0 1 2πi ∫ δ+i∞ δ−i∞ g^⋆(s) exp(ns) z^n n! ds = 1 2πi ∫ δ+i∞ δ−i∞ g^⋆(s) ∞∑ n=0 exp(ns) z^n n! ds = 1 2πi ∫ δ+i∞ δ−i∞ g^⋆(s) exp (ze^s) ds, where the interchange of the integral and the summation is justified since both converge absolutely in their domains of definition. Thus the Poisson transform ~G(z) becomes ~G(z)ez = 1 2πi ∫ δ+i∞ δ−i∞ g^⋆(s)e^{esz}ds (1.23) for δ > 0.

To take advantage of the above formula, we need an extension of the Laplace transform of a real variable to a complex variable, as we did in Section 9.3 for the Mellin transform. This fact is rather well known (e.g., [101, 217]), however, the reader is asked in Exercise 6 to derive such an extension. In particular, this exercise asks to show that if g(z) is an analytic continuation of g(x) in a cone S_θ, where θ < θ_0, then the inverse Laplace g^⋆(s) of the function g(z) (of complex z) exists in a bigger cone S_{θ+π/2} for all θ < θ_0 provided g(z) = O(z^β) in the cone S_{θ0} (i.e., g(z) is of polynomial growth).

In view of this we can write (10.23) as ~G(z)ez = 1 2πi ∫ Lε g^⋆(s)e^{esz}ds, (1.24) where L_ε is a piece-linear curve that parallels the boundary of the cone S_{θ+π/2} at distance ε. That is, in s = x + iy coordinates, the curve L_ε can be described as

y = sign(y) tan(π/2 + θ)(x − ε),

where sign(y) is the sign function (i.e., equal to 1 when y ≥ 0 and −1 otherwise). We also define L_0 as a curve obtained from L_ε as ε → 0, that is, having the description y = sign(y)x tan(π/2 + θ).

Figure 1.2: Image of L_ε with ε = 0.1 by e^s.

Using (10.24), we can now upper bound ~G(z)e^z as follows | ~G(z)e^z| ≤ 1 2π ∫ Lε |g^⋆(s)| exp(ℜ(e^sz))ds ≤ 1 2π ∫ Lε |g^⋆(s)| exp ( ℜ(e^se^{iθ})|z| ) ds, (1.25)

since for z /∈ S_θ we have cos(arg z) ≤ cos θ for |θ| ≤ π/2. To complete the proof, we must show that ℜ(e^se^{iθ}) < α for some α < 1 and all s ∈ L_ε. If this is true, we obtain immediately | ~G(z)e^z| ≤ Ae^{α|z|} for α < 1, where A =^1_{2π} ∫ Lε |g^⋆(s)|ds < ∞. We concentrate now on showing that ℜ(e^se^{iθ}) < α < 1. We study the image I_ε of L_ε under the function e^s which is plotted in Figure 10.2. (In fact, in Figure 10.2 we assume θ = π/6, and I_ε with ε = 0.1 has the following parametric description: (exp(−t/2 + 0.1) cos(±t), exp(−t/2 + 0.1) sin(±t)).) When ε → 0, this image tends to the image I_0 of L_0. Observe that I_0 is contained in the unit disk, and I_0 touches the unit circle only at s = 0. We rewrite (10.24) as ~G(z)ez = 1 2πi ∫ Lε g^⋆(s) exp[e^se^{i arg(z)}|z|]ds to see that the image I_ε of L_ε is rotated by the angle arg(z). Let us now fix an arbitrary 0 < θ < θ_0, and consider for a moment only the image I_0 of L_0. Observe that if one rotates the image I_0 by a non zero argument, then the new image has the real part strictly less than 1. In fact, the real part will be smaller than 1 − O(θ^2). Finally, considering the image I_ε of L_ε, we can easily choose ε so that the real part of the rotated images of L_ε remains

Figure 1.3: The linear cone S_θ and the increasing domains D_m.

smaller than some α such that 1 − O(θ^2) < α < 1 for all arguments greater than θ. Thus, ℜ(e^se^{iθ}) < α < 1, which completes the proof.

Before we illustrate the above theorem (cf. Example 7 below), we provide another approach to establish condition (O) that is useful when dealing with Poisson transforms expressed as linear functional equations. In this case conditions (I) and (O) can be verified relatively easily by applying mathematical induction over the so–called increasing domains that we define next.

Lee us consider the following general functional equation ~G(z) = γ1(z) ~G(zp) + γ2(z) ~G(zq) + t(z), (1.26) where γ_1(z), γ_2(z) and t(z) are functions of z such that the above equation has a solution. The reader is referred to Fayolle et al. [117] (cf. also [375]) for conditions on these functions under which a solution of (10.26) exists. We further assume that p + q = 1, but in fact zp and zq could be replaced by more general functions that form a semi group of substitutions under the operation of composition of functions. We recall that we analyzed a simple version of (10.26) in Section 7.6.1.

Let us define, for integers m = 0, 1, . . ., and a constant λ such that 0 < max{p, q} ≤ λ^{−1} < 1, a sequence of increasing domains (cf. Figure 10.3) D_m as D_m = {z : ξδ ≤ |z| ≤ ξλ^{m+1}} for some constant ξ > 0 and δ ≤ min{p, q}. Observe that z ∈ D_{m+1} − D_m ⇒ pz, qz ∈ D_m . (1.27) The last property is crucial for applying mathematical induction over m in order to establish appropriate bounds on ~G(z) over the whole complex plane. Theorem 1.5 Consider the following functional equation (with p + q = 1) ~G(z) = γ1(z) ~G(zp) + γ2(z) ~G(zq) + t(z) that is postulated to have an entire solution. Let for some positive β, 0 < θ < π/2 and 0 < η < 1 the following conditions hold for |z| > ξ:

(I) For z ∈ S_θ |γ_1(z)|p^β + |γ_2(z)|q^β ≤ 1 − η, (1.28) |t(z)| ≤ Bη|z|^β ; (1.29) (O) For z /∈ S_θ and for some α < 1 the following three inequalities are true |γ_1(z)|e^{qℜ(z)} ≤ 1 3 e^{α|z|q}, (1.30) |γ_2(z)|e^{pℜ(z)} ≤ 1 3 e^{α|z|p}, (1.31) |t(z)|e^{ℜ(z)} ≤ 1 3 e^{α|z|} . (1.32) Then g_n = ~G(n) + O(n^{β−1}), (1.33) where g_n = [z^n] ( n!e^z ~G(z) ) . Proof. We apply Theorem 10.3. For this, we need to establish the following bounds | ~G(z)| ≤ B|z|^β (1.34) for z ∈ S_θ, and | ~G(z)e^z| ≤ B^′e^{α|z|} (1.35) for z /∈ S_θ with α < 1, where B, B^′ > 0 are constants. It suffices to prove that under (10.28), (10.29) and (10.30)– (10.32) the above two conditions hold. We start with the proof of (10.34). We apply induction over the increasing domains D_m (cf. Figure 10.3). Let us first consider z ∈ S_θ. Define D̂_m = D_m ∩ S_θ. We take B large enough such that for m = 0 the above inequalities hold for |z| ≤ ξ. Let us assume now that inequality (10.34) is satisfied in D̂_m, and we prove that it also holds in a larger region, namely D̂_{m+1}, thus proving (10.34) in S_θ. For this it suffices to consider z ∈ D̂_{m+1} − D̂_m. By (10.27) we have zp, zq ∈ D̂_m, and we can invoke our induction hypothesis. Hence, taking into account (10.28) and (10.29) we conclude from equation (10.26) that | ~G(z)| ≤ |γ_1(z)|| ~G(zp)| + |γ_2(z)|| ~G(zq)| + |t(z)| , ≤ B|γ_1(z)||z|^β p^β + B|γ_2(z)||z|^β q^β + |t(z)| , ≤ B(1 − η)|z|^β + Bη|z|^β = B|z|^β which is the desired bound.

Assume now that z /∈ S_θ and we aim at proving (10.35). We first observe that |e^z| = e^{ℜ(z)} ≤ e^{α|z|}, where α ≥ cos θ ≥ cos(arg(z)) The induction over the increasing domains can be applied as before, however, this time we consider D_m = D_m ∩ S_θ, where S_θ is the complementary set to S_θ. Observe that | ~G(z)e^z| ≤ |γ_1(z)|| ~G(zp)e^{zp}||e^{zq}| + |γ_2(z)|| ~G(zq)e^{zq}||e^{zp}| + |t(z)e^z | , ≤ B^′|γ_1(z)|e^{α|z|p}e^{qℜ(z)} + B^′|γ_2(z)|e^{α|z|q}e^{pℜ(z)} + |t(z)|e^{ℜ(z)} , ≤ B^′e^{α|z|}, where the last inequality follows from (10.30)-(10.32) and ℜ(z) = |z| cos(arg(z)) ≤ |z| cos θ ≤ α|z|. This completes the proof.

Example 1.5 Conflict Resolution Algorithm

We consider here a conflict resolution algorithm. While its description can be found in Capetenakis [63], and Tsybakov and Mikhailiov [423], we provide here a brief review of the interval searching algorithm. The access to a slotted broadcast channel is controlled by a window based mechanism that works as follows: This window will be referred to as the enabled interval (EI). Let S_i denote the starting point for the i-th EI, and t_i is the corresponding starting point for the conflict resolution interval (CRI), where CRI represents the number of slots needed to resolve a collision. Roughly speaking, at each step of the algorithm, we compute the endpoints of the EI based on the outcome of the channel. The parameters of interest are: the length of the conflict resolution interval T_n, the fraction of resolved interval W_n, and the number of resolved packets C_n. For example, the Poisson transform ~C(z) of C_n satisfies ~C(z) = ( 1 + (1 + z/2)e^{−z/2} ) ~C(z/2) .

Indeed, if there is at most one packet in the first half of EI – which happens with probability (1 + z/2)e^{−z/2} in the Poisson model – then we explore the second half of the interval represented by ~C(z/2). Otherwise, we explore the first half of the interval, and thus the first term in the above equation. This equation is of the form of (10.26), thus falls under Theorem 10.5. Jacquet and Szpankowski [212] proved that for large z ∈ S_θ the above equation admits asymptotically the following solution (cf. [212]) ~C(z) = D + P (log z) + O(1/z), (1.36)

where

D = exp ( 1 log 2 ∫ ∞ 0 xe^{−x} log x 1 + (1 + x)e^{−x} dx + 1 2 log 2 ) ≈ 2.505, and P (log z) is our familiar fluctuating function with a small amplitude. This can be established by the method discussed in Chapter 9 and the reader is asked to prove it in Exercise 5. To depoissonize the solution, one must check conditions (I) and (O) of Theorem 10.3. But ~C(z) = O(1) in a cone Sθ, thus we need only to verify (O) outside the cone Sθ. By Theorem 10.5 (e.g., see (10.30)) we need to show the existence of ξ such that for |z| > ξ the following holds (1 + (1 + |z|/2))e^{ℜ(z)/2} ≤ e^{α|z|/2} which is clearly true for large enough ξ since α ≥ cos θ. By Theorem 10.5 we conclude that C_n = D + P (log n) + O(n^{−1}). 2

1.3 Generalizations of Depoissonization

In this section we generalize our basic depoissonization Theorem 10.3 twofold: (i) we derive a full asymptotic expansion for g_n, and (ii) we enlarge the class of Poisson transforms ~G(z) for which the depoissonization holds (i.e., we allow for exponential rather than algebraic bounds on ~G(z)). We prove all of these results in a uniform manner in Section 10.3.3 using a general depoissonization tool presented in Theorem 10.13.

1.3.1 A Full Asymptotic Depoissonization

Before we present a precise statement, let us derive formally a full asymptotic expansion of g_n. We shall seek such an expansion in the following form

g_n = ∑ i,j≥0 b_{ij}n^i ~G^{(j)}(n). To identify formally the coefficients b_{ij} we proceed as follows. By Taylor series ~G(z) = ∑ j≥0 (z − n)^j j! ~G(j)(n) , which yields g_n = n![z^n](e^z ~G(z)) = ∑ j n![z^n] (z − n)^je^z j! ~G(j)(n). Hence, we formally set b_{ij} = [n^i][z^n] n!(z − n)^j j! e^z. After interchanging indexes i and j, factorizing the operator [z^n], noticing that ∑ i n^i[n^i]f(n, z) = f(n, z) for any analytic function f(n, z), and setting formally y^j = ~G^{(j)}(z) we obtain ∑ ij b_{ij}n^iy^j = [z^n] ∑ j y^j ∑ i n^i[n^i] n!(z − n)^je^z j! = [z^n] ∑ j n!(z − n)^jy^je^z j! = [z^n]n! exp((z − n)y + z)

= (1 + y)^ne^{−ny} = exp(n ln(1 + y) − ny).

Thus b_{ij} = [x^i][y^j] exp(n ln(1 + y) − ny).

We observe that b_{ij} = 0 for j < 2i. Indeed, as in the case of the coefficients a_{ij} discussed in Section 10.1, we let f(x, y) = exp(x log(1 + y) − xy) and observe that f(xy^{−2}, y) is analytic at x = y = 0. Hence, its Laurent expansion possesses only terms like x^iy^{j−2i} with nonnegative exponents. This means that for j < 2i the coefficients b_{ij} = 0.

We are now ready to formulate a general depoissonization result with polynomial bounds. We shall defer the proof until Section 10.3.3, where we present a general depoissonization tool that allows us to establish all results of this section in a uniform manner.

Theorem 1.6 (Jacquet and Szpankowski, 1998) Let the following two conditions hold for some numbers A, B, R > 0 and α > 0, β, and γ: (I) For z ∈ S_θ, 0 < |θ| < π/2, |z| > R ⇒ | ~G(z)| ≤ B|z|^βΨ(|z|), (1.37) where Ψ(x) is a slowly varying function , that is, such that for fixed t lim_{x→∞}^{Ψ(tx)}_{Ψ(x)} = 1 (e.g., Ψ(x) = log^d x for some d > 0);

(O) For all z = ρe^{iϑ} such that z /∈ S_θ we have ρ = |z| > R ⇒ | ~G(z)e^z| ≤ Aρ^γ exp[(1 − αϑ^2)ρ]. (1.38)

Then for every nonnegative integer m

g_n = m∑ i=0 i+m∑ j=0 b_{ij}n^i ~G^{(j)}(n) + O(n^{β−m−1}Ψ(n)) (1.39)

= ~G(n) + m∑ k=1 k∑ i=1 b_{i,k+i}n^i ~G^{(k+i)}(n) + O(n^{β−m−1}Ψ(n)), where b_{ij} are as the coefficients of exp(x log(1 + y) − xy) at x^iy^j, that is, ∞∑ i=0 ∞∑ j=0 b_{ij}x^iy^j = exp(x log(1 + y) − xy) . (1.40)

with b_{ij} = 0 for j < 2i.

The first few terms of the above expansion are g_n = ~G(n) − 1 2 n ~G^{(2)}(n) + 1 3 n ~G^{(3)}(n) + 1 8 n^2 ~G^{(4)}(n) − 1 4 n ~G^{(4)}(n) − 1 6 n^2 ~G^{(5)}(n) − − 1 48 n^3 ~G^{(6)}(n) + 1 5 n ~G^{(5)}(n) + 13 72 n^2 ~G^{(6)}(n) + 1 24 n^3 ~G^{(7)}(n) + 1 384 n^4 ~G^{(8)}(n) − − 1 6 n ~G^{(6)}(n) − 11 60 n^2 ~G^{(7)}(n) − 17 288 n^3 ~G^{(8)}(n) − 1 144 n^4 ~G^{(9)}(n) − 1 3840 n^5 ~G^{(10)}(n) +O(n^{β−6}) . Example 1.6 Flajolet’s Dirichlet Depoissonization Let g_n = ∞∑ k=0 ( 1 − (1 − 2^{−k})^n ) (1.41)

whose Poisson transform is (cf. Item 7 of Table 10.1) ~G(z) = ∞∑ k=0 ( 1 − e^{−z2−k} ) , and the jth derivative is ~G(j)(z) = (−1)j+1 ∞∑ k=0 2^{−jk}e^{−z2−k} . We are interested in a full asymptotic expansion of g_n using the depoissonization Theorem 10.6. For this we need to find the asymptotics of ~G^{(j)}(z) for z in a cone S_θ. But ~G^{(j)}(z) is a harmonic sum, hence by Theorem 9.1 the Mellin transforms are M[ ~G(z); s] = − Γ(s) 1 − 2^s , −1 < ℜ(s) < 0, M[ ~G^{(j)}(z); s] =

(−1)^{j+1}Γ(s) 1 − 2^{s−j} , 0 < ℜ(s) < j, j ≥ 1. Using the reverse mapping Theorem 9.2 we find for x → ∞ (which by Theorem 9.5 can be extended to complex z → ∞ in a cone S_θ with |θ| < π/2)

~G(x) = log2 x + γ log 2 + 1 2 + P_0(log_2 x) + O(x^{−M} ), ~G(j)(x) = (−1) j+1 x^j P_j(log_2 x) + O(x^{−M} ), j ≥ 1

for any M > 0, where

P_0(log_2 x) = 1 log 2 ∑ ℓ≠0 Γ(2πiℓ/ log 2)e^{−2πiℓ log2 x}

P_j(log_2 x) = 1 log 2 ∞∑ ℓ=−∞ Γ(j + 2πiℓ/ log 2)e^{−2πiℓ log2 x}, j ≥ 1. Since g(z) = O(log z) inside a cone S_θ, hence by Theorem 10.4 and Theorem 10.6 we finally obtain

g_n = log_2 n+ γ log 2 + 1 2 +P_0(log_2 n)+ m∑ k=1 k∑ i=1 (−1)^{k+i+1}b_{i,k+i}n^{−k}P_{k+i}(log_2 n)+O(n^{−m−1} log n)

(1.42) for any m ≥ 1, where b_{ij} are given by (10.40).

Flajolet [126] suggested to consider a more general sum, namely

g_n = ∑ k≥0 a_k(1 − (1 − a_k)^n)

for a sequence a_k → 0. From Item 7 of Table 10.1 we know that its Poisson transform is ~G(z) = ∑ k≥0 a_k(1 − e^{−zak} ), thus one can use depoissonization, as we did above, to find the full asymptotic expansion of g_n. Flajolet (cf. [66]) proposed another approach that he calls the Dirichlet depoissonization. It is based on the following observation. Define the following two Dirichlet series

Λ(s) = ∑ k≥0 a^s_k, Ω(s) = ∑ k≥0 ( log 1 1 − a_k )s .

Formally, we have

Ω(s) = ∑ k≥0 exp ( s log log(1 − a_k)^{−1} ) = ∑ k≥0 exp ( s log ( a_k + 1 2 a^2_k + 1 3 a^3_k + · · · ))

= ∑ k≥0 a^s_k exp ( s log ( 1 + 1 2 a_k + 1 3 a^2_k + · · · ))

= ∑ k≥0 a^s_k exp ( s ( 1 2 a_k + 5 24 a^2_k + · · · ))

= ∑ k≥0 a^s_k ( 1 + 1 2 sa_k + ( 5 24 s + 1 8 s^2)a^2_k + ( 1 8 s + 5 48 s^2 + 1 48 s^3)a^3_k + · · · )

= Λ(s) + c_1(s)Λ(s + 1) + c_2(s)Λ(s + 2) + · · · .

Thus the singularities of Ω(s) are those of Λ(s) plus {0, −1, . . .}. This was rigorously proved in [66] from where we quote the following result.

Lemma 1.7 (Dirichlet Depoissonization) Let a_k → 0 with a_k positive. Define the above two Dirichlet series Λ(s) and Ω(s). Then, if the Dirichlet series Λ(s) of a_k is meromorphic in the whole complex plane and it is of “weak polynomial growth” (i.e., the growth is only controlled on certain lines parallel to the real axis tending to ±i∞), then the same properties hold for Ω(s). In addition, the singularities of Λ, Ω are related by

Sing(Ω) = Sing(Λ) + {0, −1, −2, · · ·},

and the singular expansions of Ω(s) and Λ(s) are related by

Ω(s) ≍ Λ(s) + c_1(s)Λ(s + 1) + c_2(s)Λ(s + 2) + · · · , (1.43)

where c_j(s) = [x^j] exp ( s x log 1 1 − x ) . (1.44)

For g_n defined in (10.41) we have Ω(−s) ≍ Λ(−s) + s 2 Λ(−s + 1) + ( 5s 24 + s^2 8 )Λ(−s + 2) + · · · ,

thus (10.42) is recovered.

Example 1.7 Entropy of Binomial Distribution

We compute here a full asymptotic expansion of Shannon entropy h_n of the binomial distribution (n k ) p^kq^{n−k} (q = 1 − p), that is,

h_n = − n∑ k=0 ( n k ) p^kq^{n−k} log (( n k ) p^kq^{n−k} ) .

We shall follow the approach suggested in Jacquet and Szpankowski [217], while the reader is asked in Exercise 10 to use the singularity approach to obtain the same result (cf. Flajolet [127]). Observe that

h_n = − ln(n!) − n(p ln p + q ln q) + n∑ k=0 ln(k!) ( n k ) p^kq^{n−k} + n∑ k=0 ln((n − k)!) ( n k ) p^kq^{n−k} . We use analytic poissonization and depoissonization to estimate

g_n := n∑ k=0 ln(k!) ( n k ) p^kq^{n−k} + n∑ k=0 ln((n − k)!) ( n k ) p^kq^{n−k}. Observe that the Poisson transform ~G(z) of g_n is ~G(z) = ~F (zp) + ~F (zq), where ~F (z) = ∞∑ n=0 ln(n!) z^n n! e^{−z}. Thus h_n = − ln(n!) − n(p ln p + q ln q) + n![z^n] ( e^z ~F (zp) + e^z ~F (zq) ) . We cannot apply directly the depoissonization Theorem 10.6 since the Poisson transform ~F (z) is not given in a closed-form. But, we can apply our previous analytic poissonization Theorem 10.2 to find ~F (z) for z → ∞ and then use Theorem 10.6. In fact, in Example 2 we already computed ~F (z) asymptotically. Setting log(n!) = f_n = f(n) = log Γ(n + 1) and using the symbolic notation proposed in Section 10.2 we can formally write for the k-th derivative of ~F (z) ~F (k)(λn) = (ey − 1)k exp (nλ(ey − 1) − nλy) , yj = f (j)(λn), where λ is equal to either p or q. Since f_n has an analytic continuation of a polynomial growth, we can apply Theorem 10.6 to obtain

n![z^n] ( e^z ~F (λz) ) = ∑ i,j≥0 b_{ij}n^iλ^j(e^y − 1)^j exp (nλ(e^y − 1) − nλy) , y^j = f^{(j)}(λn)

= exp (n log (1 + λ(e^y − 1)) − λny) , y^j = f^{(j)}(λn),

where we used (10.40) in the last line. Introducing c_{i,k}(λ) as follows

exp (x log (1 + λ(e^y − 1)) − λxy) = ∞∑ i=0 ∞∑ k=2i c_{i,k}(λ)x^iy^k, we finally arrive at h_n = −f(n) + f(np) + f(nq) − n(p ln p + q ln q) + ∞∑ i=1 ∞∑ k=2i n^i ( c_{i,k}(p)p^if^{(k)}(np) + c_{i,k}(q)q^if^{(k)}(nq) ) , where f^{(k)}(x) (k ≥ 1) are computed in Example 2. This leads to h_n ∼ 1 2 ln n + 1 2 + 1 2 ln(2πpq) + ∞∑ m=1 e_m n^m and e_m can be explicitly computed, as shown in [217]. 2

1.3.2 Exponential Depoissonization In some applications the assumption about the polynomial growth of ~G(z) is too restrictive (cf. Example 3 of Chapter 9). Here we extend Theorem 10.6 to Poisson transforms with exponential growth exp(z^β) for 0 < β <^1_2 . The proof is again delayed until the last subsection. However, below we provide a sketch of the proof for the basic exponential depoissonization.

Theorem 1.8 Let the conditions of Theorem 10.6 be satisfied with condition (I) replaced by | ~G(z)| ≤ A exp(B|z|^β) (1.45) for some 0 < β <^1_2 and constants A > 0 and B. Then for every integer m ≥ 0

g_n = m∑ i=0 i+m∑ j=0 b_{ij}n^i ~G^{(j)}(n) + O(n^{−(m+1)(1−2β)} exp(Bn^β)) (1.46)

for large n.

Sketch of Proof. It seems appropriate to give here a sketch of the proof for the leading term (cf. Section 10.3.3), namely, g_n = ~G(n) + O ( n^{2β−1} exp(Bn^β) ) . (1.47)

This can be derived along the same lines as the proof of the basic depoissonization Theorem 10.3. As in the proof of Theorem 10.3, we can easily estimate the integrals E_n and I^{′′}_n, and therefore we are left with the integral I^′_n (cf. (10.20)–(10.22)). To estimate I^′_n we need an extension of Lemma 10.1 for functions ~G(z) with an exponential bound. We shall show that if (10.45) holds, then the kth derivative ~G^{(k)}(z) can be bounded as below | ~G^{(k)}(z)| ≤ B_k|z|^{k(β−1)} exp(B|z|^β). (1.48)

Indeed, using Cauchy’s bound (10.10) with r = Ω|z|^{1−β} we obtain | ~G^{(k)}(z)| ≤ max_{|ω|=Ω|z|}1−β | ~G(z + ω)| Ω|z|^{k(1−β)} , where z + ω ∈ S_θ, so that the exponential bound | ~G(z + ω)| < A exp(B|z + ω|^β is still valid. Since the derivative of z^β is O(z^{β−1}) we have max |ω|=Ω|z|^{1−β} | ~G(z + ω)| ≤ A exp(|B||z|^β + O(z^{β−1})|z|^{1−β} Ω) ≤ A^′ exp(|B||z|^β ) for some constant A^′. This proves (10.48).

Now we can consider the integral I^′_n that we repeat below

I^′_n = 1 √ 2π ∫ log n

− log n e^{−t2/2} ( ~G(n) + ~G′(n)it√n ) ( 1 − it^3 6 √ n + t^4 24n − t^6 72n ) dt + 1 √ 2π ∫ log n

− log n e^{−t2/2}Δ_n(t)t^2h_n(t)dt + 1 √ 2π ∫ log n

− log n e^{−t2/2} ( ~G(n) + ~G′(n)it√n ) O ( log^9 n n √ n ) dt, where we recall that h_n(t) = exp(n(e^{it/√n} − 1 − it/ √ n)), Δ_n(t) = − ~G^′(ne^{it/√n})e^{it/√n} − ~G^{′′}(e^{it/√n})ne^{2it/√n}. Then (10.48) and the above yield |Δ_n(t)| = O(n^{2β−1} exp(Bn^β)). But the first part of the above integral is ~G(n) + O(n^{β−1} exp(Bn^β)) for β > 0, the second part is O(n^{2β−1} exp(Bn^β)), and the last part is O(n^{−3/2} exp(Bn^β)). This proves (10.47). Example 1.8 Example 3 of Chapter 9 Revisited

In Example 3 of Chapter 9 we studied the sequence C_n satisfying the recurrence (9.31), that is,

C_n = 4 n∑ k=2 ( n k ) 2^{−n} n − k + 1 C_k, n ≥ 2 with C_2 = 1. We proved that its Poisson transform ~C(z) satisfies the following functional equation ~C(z) = 8 z (1 − e^{−z/2}) ~C ( z 2 ) , while F (z) = log z^2 ~C(z)/2 fulfills

F (2z) − F (z) = log ( 1 − e^{−z} z ) . (1.49)

In (9.32) of Example 3 in Chapter 9 we proved that

exp[F (z)] ∼ √ z2^{−1/12} exp ( γ(1) + γ^2/2 − π^2/12 log 2 ) exp [ − 1 2 log^2(z) log 2

+ Ψ(log_2 z) ] , where Ψ(log_2 z) = ∞∑ ℓ=−∞ ℓ≠0 1 2πiℓ Γ ( 1 − 2πiℓ log 2 ) ζ ( 1 − 2πiℓ log 2 ) e^{2πiℓ log2 z}.

Thus ~C(z) = O(z^{5/2} exp(log^2 z)) in the cone S_θ (by analytic continuation). By Theorem 10.8 we find C_n ∼ 1 2 n^{5/2}2^{−1/12} exp ( γ(1) + γ^2/2 − π^2/12 log 2 ) exp [ − 1 2 log^2(j) log 2

+ Ψ(log_2 n) ]

as n → ∞. 2

1.3.3 General Depoissonization Tool Here we prove all the depoissonization results discussed so far. We start with a few lemmas followed by our main depoissonization tool Theorem 10.13.

It turns out that in the course of the proof we often have to deal with functions satisfying certain property. We formalize it in the following definition.

Definition 1.9 We say that a sequence of functions f_n : I_n → C defined on subintervals I_n belongs to the class D_k (ω) for ω real if there exist D > 0 such that for all integers j ≤ k and x ∈ I_n we have |f^{(j)}_n (x)| ≤ Dn^{−jω}.

Example 1.9 Functions belonging to D_k (ω).

Consider the following two functions:

1. Let f be infinitely differentiable on [−1, 1], and define f_n(x) = f(xn^{−ω}) on I_n = [−n^ω, n^ω]. Clearly, f_n ∈ D_k (ω) for every k ≥ 0.

2. Let F_n be an analytic function defined in {z : |z| ≤ n^ω}, n ≥ 1, such that the sequence F_n is uniformly bounded. Then the restriction f_n of F_n to I_n = [−^1_2 n^ω,^1_2 n^ω] belongs to D_k (ω) for every k ≥ 0. 2 The next lemma presents some simple properties of the class D_k (ω). Its proof is quite simple and is left for the reader in Exercise 7.

Lemma 1.10 (i) If f_n belongs to D_k (ω), then f_n belongs to D_k (ω^′) for all ω^′ ≤ ω.

(ii) If f_n and g_n belong to class D_k (ω), and if H(x, y) is a function which is k times continuously differentiable, then H(f_n, g_n) belongs to D_k (ω). Consequently if f_n and g_n ∈ D_k (ω), then f_n + g_n and f_n × g_n ∈ D_k (ω).

Observe that to prove our general asymptotic expansion, like the one in Theorem 10.6, we must study bounds and Taylor’s expansions of the following function h_n(t) = exp(n(e^{it/√n} − 1 − it/ √ n)) . (1.50)

One can interpret h_n(t) as the kernel of the Cauchy integral (10.13) (cf. also (10.19)), thus it is not not surprising that this function often appears in our depoissonization theorems. Its properties are discussed in the next lemma.

Lemma 1.11 The following statements hold: (i) For t ∈ [−π √ n, π √ n] there exists μ > 0 such that |h_n(t)| ≤ e^{−μt2} , where μ is a constant.

(ii) For complex t such that |t| ≤ Bn^16 for some B > 0, the sequence of functions F_n(t) = h_n(t)e^{−t2/2} is bounded and belongs to D_k (^1_6 ) for any integer k ≥ 0.

Proof: Part (i) was already proved in Section 10.2.2. Part (ii) is a little more intricate. According to Lemma 10.10, it suffices to prove that the sequence of functions log F_n(t) ∈

D_k (^1_6 ), and then refer to the fact that the sequence of exponential of log F_n(t) still belongs to D_k (^1_6 ). Denoting e^{ix} − 1 − ix − x^2/2 by r(x), we observe that the sequence of functions r(t/ √ n) belongs to D_k (^1_2 ) for t = O( √ n) and any integer k ≥ 1. Therefore, the ith derivative for 3 ≤ i ≤ k of nr(t/ √ n) is O(n^{1−i/2}), which is O(n^{−i/6}) for all i ≥ 3. In particular, the third derivative is O(n^{−1/2}). But we also observe that by successive integrations the first derivative of nr(t/ √ n) is O(n^{−1/6}), the second derivative is O(n^{−1/3}), and nr(t/ √ n) is O(1), because the first two derivatives of r(t) are zero at t = 0 by the construction. Hence, part (ii) follows.

Furthermore, when proving Theorems 10.6, we need an extension of Lemma 8.16 which is presented next.

Lemma 1.12 For nonnegative H and β, let the sequence of complex functions F_n(x), defined on x ∈ [−H log n, H log n], belong to the class D_k (β) for any k ≥ 1. Then 1 √ 2π ∫ H log n −H log n F_n(x)e^{−x2/2}dx = k−1∑ i=0 1 2^ii!

F^{(2i)}_n (0) + O(n^{−2kβ}) .

Proof: By Taylor’s expansion F_n(x) = ∑l−1 i=0 x^i i! F^{(i)}(0) + Δ_n(x)x^l, where Δ_n(x) = O(n^{−lβ}) due to F_n ∈ D_l (β) for any l. Thus 1 √ 2π ∫ H log n −H log n F_n(x)e^{−x2/2}dx = l−1∑ i=0 F^{(i)}n (0) i! 1 √ 2π ∫ H log n −H log n x^ie^{−x2/2}dx + O(n^{−lβ})

Observe that F^{(i)}n (0) = O(n^{−iβ}) since F_n ∈ D_l (β) and i ≤ l. Furthermore, by Lemma 8.16 changing the limits of integration in the above to ±∞, introduces an error of order O(e^{−(H log n)2/2}) that decreases faster than any polynomial. Also, by (8.78) of Lemma 8.16 we know that for i even 1 √ 2π ∫ ∞ −∞ x^ie^{−x2/2}dx = (2m)! m!2^m , i = 2m, and the integral is zero for i odd. After setting k = 2l and rearranging the above sum, we prove the lemma.

Finally, we are in a position to formulate the so–called depoissonization tool theorem. To have our results apply also to the distributional problems discussed in the next section, we consider here a double-index sequence g_{n,k} and a sequence of Poisson transforms ~Gk(z) = e−z ∞∑ n=0 g_{n,k} z^n n! . Theorem 1.13 (Jacquet and Szpankowski, 1998) Let ~G_k(z) be the Poisson transform of a sequence g_{n,k} that is assumed to be a sequence of analytical functions for |z| ≤ n. We postulate that the following three conditions simultaneously hold for some H > 0, γ, and integer m ≥ 0:

(I) For z ∈ S_θ, such that |z| = n: | ~G_n(z)| ≤ F (n) for a sequence F (n), (L) The sequence of function f_n(t) = ~G_n(ne^{it/√n})/F (n) defined for t ∈ [−H log n, H log n] belongs to the class D_m (γ), (O) For z /∈ S_θ and |z| = n: | ~G_n(z)e^z| ≤ p(n)e^nF (n), where p(n) decays faster than n^{− 1}2^{−(m+1) min{γ, 1}6^}, i.e., p(n) = o(n^{− 12 −(m+1) min{γ, 16 }}).

Then g_{n,n} = ~G_n(n) + O(n^{− min{γ, 16 }})F (n) , (1.51)

and more generally for any integer m ≥ 0 g_{n,n} = m∑ i=0 i+m∑ j=0 b_{ij}n^i ~G^{(j)}_n (n) + O(n^{−(m+1) min{γ,1/6}})F (n), (1.52)

where b_{ij} are defined in (10.40).

Proof. The proof again relies on the Cauchy integral that we split into I_n and E_n as before, where I_n is the integral over t such that ne^{it} is inside the cone S_θ, and E_n is the integral that has ne^{it} outside the cone. That is:

I_n = ω_n √ n 2π ∫ θ −θ ~Gn(neit) exp ( n ( e^{it} − 1 − it )) dt, E_n = n! 2πi ∫ |t|∈[θ,π] ~Gn(z)ez z^{n+1} dz = ω_n √ n 2π ∫ |t|∈[θ,π] ~Gn(neit) exp ( n ( e^{it} − 1 − it )) dt, where ω_n = n!n^{−n}e^n(2πn)^{−1} = 1 + O(n^{−1}) by the Stirling formula. We estimate the above two integrals. We begin with the latter. Observe that by condition (O) we have |E_n|/F (n) ≤ √ 2πnp(n) = o(n^{−k min{γ, 1}6^}) for any k ≤ m + 1, which is negligible when compared to the error term in (10.51).

The evaluation of I_n is more intricate. First of all, we replace t by t/ √ n to get

I_n = ω_n √ 2π ∫ √n − √ n ~Gn(neit/ √ n) exp ( n ( e^{it/√n} − 1 − it/ √ n )) dt = ω_n √ 2π ∫ √n − √ n ~Gn(neit/ √ n)h_n(t)dt, where h_n(t) is defined in (10.50) and analyzed in Lemma 10.11. We further split the integral I_n into I^′_n and I^{′′}_n as follows

I^′_n = ω_n √ 2π ∫ H log n −H log n ~Gn(neit/ √ n) exp ( n ( e^{it/√n} − 1 − it/ √ n )) dt , I^{′′}_n = ω_n √ 2π ∫ t∈[− √ n,−H log n] ~Gn(neit/ √ n) exp ( n ( e^{it/√n} − 1 − it/ √ n )) dt + ω_n √ 2π ∫ t∈[H log n, √ n] ~Gn(neit/ √ n) exp ( n ( e^{it/√n} − 1 − it/ √ n )) dt . To estimate the second integral I^{′′}_n we use the fact that |h_n(t)| ≤ e^{−μt2} with μ > 0 for t ∈ [− √ n, √ n], as discussed in Lemma 10.11. Thus by Lemma 8.16 and condition (I) we immediately obtain that I^{′′}_n/F (n) = O(e^{−μH2 log2 n}), which decays faster than any polynomial.

Now we estimate I^′_n. Observe first that since h_n(t)e^{t2/2} ∈ D_m (^1_6 ) for any m, and we have ~Gn(neit/ √ n)/F (n) ∈ D_m (γ), therefore the product R_n(t) = h_n(t)e^{t2/2} ~G_n(ne^{it/√n})/F (n) ∈ D_m (γ_2), where γ_2 = min{γ,^1_6 }. In view of this and by Lemma 10.12 we obtain I^′_n/F (n) = ω_n √ 2π ∫ H log n H log n

R_n(t)e^{−t2/2}dt = ω_n(F_n(0) + O(n^{−γ2} )) ,

and consequently g_n = ~G_n(n) + O(n^{−γ2} )F (n). This proves (10.51).

To prove our general result (10.52), we apply Lemma 10.12 for any k to obtain g_{n,n}/F (n) = ω_n k−1∑ i=0 1 2^ii!

R^{(2i)}_n (0) + O(n^{−2kγ2} ).

Computing explicitly the derivatives of R_n(t) by their actual values (that involve the derivatives of ~G(z) at z = n), and noting that all odd powers of n^{− 1}2 disappear (since we are considering only derivatives of R_n(t) of even order), multiplying by ω_nF (n), replacing ω_n by the Stirling expansion, we finally obtain g_{n,n} = m∑ i=0 i+m∑ j=0 b_{ij}n^i ~G^{(j)}_n (n) + O(n^{−(m+1) min{γ, 16 }})F (n),

where we set m + 1 = 2k. Notice that the terms in the expansion do not involve m since the Stirling expansion and the expansion of Lemma 10.12 do not contain m.

Using the depoissonization tool Theorem 10.13, we can now finally prove our remaining theorems by identifying the function F (n) (see condition (I)) and finding the correct value for γ in condition (L) of Theorem 10.13.

We start with the proof of the generalized depoissonization Theorem 10.6. First of all, observe that conditions (I) and (O) of Theorem 10.6 imply conditions (I) and (O) of Theorem 10.13 when we set F (n) = Bn^βΨ(n). Thus to complete the proof we must verify condition (L) of Theorem 10.13 and find γ such that f_n(t) = ~G_n(ne^{it/√n})n^{−β}/Ψ(n) ∈ D_m (γ) for any integer m ≥ 1. But by Lemma 10.1(ii), for all integer m and for all z belonging to a smaller cone S_θ′ with θ^′ < θ there exists B_m such that | ~G^{(m)}_n (z)| ≤ B_m|z|^{β−m}Ψ(|z|). After setting z = ne^{it/√n} we see that the sequence of functions f_n(t) belongs to D_m (^1_2 ) for all integer m. Now set γ =^1_6 . Then by Theorem 10.13 there is some m^′ > m such that g_{n,n} = m^′∑ i=0 i+m^′∑ j=0 b_{ij}n^i ~G^{(j)}_n (n) + O(n^{β−m′γ} )Ψ(n). The last delicate point is to obtain the correct error term in Theorem 10.6. But this can be achieved by setting m^′ = ⌈(m + 1)/γ⌉ for a given value m. This will lead an error term equal to O(n^{β−(m+1)}). Indeed, the additional terms obtained are those with i > m and j > i + m. The corresponding coefficients are b_{ij}n^i ~G^{(j)}_n (n) with b_{ij} ≠ 0 for j ≥ 2i (we remind the reader that b_{ij} = 0 for j < 2i, as shown in Section 10.3.1). Then n^{β+i−j} ≤ n^{β+i−2i} = n^{β−i} ≤ n^{β−(m+1)} , and this proves Theorem 10.6.

Now, we prove the exponential depoissonization Theorem 10.8. As before, the proof relies on Theorem 10.13 with F (n) = exp(Bn^β). Conditions (I) and (O) are again easy to verify, so we only need to check condition (L) of Theorem 10.13. That is, we must estimate the growth of f_n(t) = ~G(ne^{it/√n}) exp(−Bn^β). But f_n(t) ∈ D (^1_2 − β) due to (10.48). To complete the proof, we must establish the error term. Let γ = min{^1_2 − β,^1_6 }. An application of Theorem 10.13 leads to the error term O ( n^{−m′γ} exp(Bn^β) ) for some integer m^′ ≥ 0. To establish the right error term O(n^{−(m+1)(1−2β)} exp(Bn^β)) we follow the same approach as before. We set m^′ = ⌊(m + 1)(1 − 2β)/γ⌋, which introduces the additional terms b_{ij}n^i ~G^{⟨j⟩}(n) that contribute O(n^{i−j(1−β)} exp(Bn^β)). But, since b_{ij} ≠ 0 for j ≥ 2i,

n^{i−j(1−β)} exp(Bn^β) ≤ n^{i−2i(1−β)} exp(Bn^β) ≤ n^{−i(1−2β)} exp(Bn^β) ≤ n^{−m(1−2β)} exp(Bn^β) ,

and this completes the proof of Theorem 10.8.

1.4 Moments and Limiting Distributions

Depoissonization techniques can also be used to derive limiting distributions. Extension to distributions requires to investigate double-index sequence g_{n,k} (e.g, g_{n,k} = Pr{X_n = k} or g_{n,k} = E[e^{tXn/√Vk} ] for a sequence V_k). Its Poisson transform is denoted as ~G(z, u) = P(gn,k; z, u) = ∞∑ n=0 z^n n! e^{−z} ∞∑ k=0 g_{n,k}u^k.

It is often more convenient to investigate the Poisson transform ~G_k(z) = P(g_{n,k}; z) defined as ~Gk(z) = ∞∑ n=1 g_{n,k} z^n n! e^{−z}, and already discussed in Theorem 10.13. In this section we present the so–called diagonal depoissonization result that allows to extract asymptotically g_{n,n} (e.g., g_{n,n} = E[e^{tXn/Var[Xn]}]). We start, however, with the relationship between the Poisson and the Bernoulli moments of a random variable.

1.4.1 Moments

Let X_n be a sequence of integer random variable and X_N its corresponding Poisson driven sequence, where N is a Poisson random variable with mean z. Let ~G(z, u) = Eu^{XN} = ∑∞ n=0 Eu^{Xn zn}_{n!} e^{−z} be its Poisson transform. We introduce also the Poisson mean ~X(z) and the Poisson variance ~V (z) as ~X(z) = ~G′u(z, 1) , ~V (z) = ~G′′u(z, 1) + ~X(z) − ( ~X(z) )2 , where ~G^′_u(z, 1) and ~G^{′′}_u(z, 1) denote respectively the first and the second derivative of ~G(z, u) with respect to u at u = 1.

The next result presents a relationship between the Poisson mean ~X(z) and variance ~V (z), and the Bernoulli mean E[Xn] and variance Var[Xn].

Theorem 1.14 Let ~X(z) and ~V (z)+ ~X^2(z) satisfy condition (O), and ~X(z) and ~V (z) satisfy condition (I) of Theorem 10.6 with β ≤ 1, e.g., ~X(z) = O(z^βΨ(z)), and ~V (z) = O(z^βΨ(z)) in a linear cone S_θ and appropriate conditions (O) outside the cone, where Ψ(z) is a slowly varying function. Then the following holds:

E[X_n] = ~X(n) − 1 2 n ~X^{⟨2⟩}(n) + O(n^{β−2}Ψ(n)), (1.53)

Var[X_n] = ~V (n) − n[ ~X^′(n)]^2 + O(n^{β−1}Ψ(n)) (1.54)

for large n.

Proof. The asymptotic expansion (10.53) follows directly from Theorem 10.6 for m = 1. To derive (10.54) observe that the Poisson transform of E[X^2_n] is ~V (z) + ( ~X(z))^2, thus again by Theorem 10.6

E[X^2_n] = ~V (n) + ( ~X(n))^2 − 1 2 n ~V^{⟨2⟩}(n) − n[ ~X^′(n)]^2 − n ~X^{⟨2⟩}(n) ~X(n) + O(n^{β−2}Ψ(n)) = ~V (n) + ( ( ~X(n))^2 − n ~X^{⟨2⟩}(n) ~X(n) + O(n^{2β−2}Ψ(n)) ) − n[ ~X^′(n)]^2 + O(n^{β−1}Ψ(n)),

where the last error term is a consequence of n ~V^{⟨2⟩}(n) = O(n^{β−1}Ψ(n)). Since Var[X_n] = E[X^2_n] − E[X_n]^2, the result follows. Example 1.10 I.I.D. Random Variables

Let Z_1, . . . , Z_n be a sequence of independently and identically distributed random variables with generating function P (u) = Eu^{Z1} and mean μ and variance v. The generating function of X_n = Z_1 +. . .+Z_n is G_n(u) = (P (u))^n. Observe that E[X_n] = nμ and Var[X_n] = nv. If we consider the Poisson transform of X_n we obtain ~G(z, u) = exp (z(P (u) − 1)), and ~X(z) = zμ, ~V (z) = (μ2 + v)z. Thus Var[Xn] = ~V (n) − n[ ~X′(n)]2, as predicted by Theorem 10.14. 2

1.4.2 Limiting Distributions When dealing with distributions, one must estimate G_n(u) from the Poisson transform ~G(z, u). If u belongs to a compact set, then our previous depoissonization results can be directly applied. However, to unify our analysis we present below a general result called the diagonal depoissonization.

Theorem 1.15 (Jacquet and Szpankowski, 1998) Let ~G_k(z) be a sequence of Poisson transforms of g_{n,k}, which are assumed to be a sequence of entire functions of z. Let the following two conditions hold for some A > 0, B, R > 0 and α > 0, β, and γ: (I) For z ∈ S_θ and |z| > R ⇒ | ~G_n(z)| ≤ Bn^β|Ψ(n)|, (1.55) where Ψ(x) is a slowly varying function. (O) For z outside the linear cone S_θ |z| = n ⇒ | ~G_n(z)e^z| ≤ n^γ exp(n − An^α) , (1.56) Then for large n g_{n,n} = ~G_n(n) + O(n^{β−1}Ψ(n)) . (1.57) More generally, for every nonnegative integer m g_{n,n} = m∑ i=0 i+m∑ j=0 b_{ij}n^i ~G^{⟨j⟩}_n (n) + O(n^{β−m−1}Ψ(n)), (1.58)

where ~G^{(j)}_n (n) denotes the jth derivative of ~G_n(z) at z = n.

Proof. The proof follows directly from the depoissonization tool Theorem 10.13 and is left for the reader (cf. Exercise 8).

Using this we can prove the following two very useful corollaries. Corollary 1.16 Suppose ~G_k(z) = ∑∞ n=0 g_{n,k}^{zn}_{n!} e^{−z}, for k belonging to some set K, are entire functions of z. For some constants A, B, R > 0, β and α < 1, let the following two conditions hold uniformly in k ∈ K: (I) For z ∈ S_θ |z| > R ⇒ | ~G_k(z)| ≤ B|z|^β , (1.59) (O) For z /∈ S_θ |z| > R ⇒ | ~G_k(z)e^z| ≤ A exp(α|z|) . (1.60) Then uniformly in k ∈ K g_{n,k} = ~G_k(n) + O(n^{β−1}) (1.61) and the error estimate does not depend on K.

Proof. The above corollary is a direct consequence of our previous proofs. Nevertheless, we show below how it can be derived from Theorem 10.13. Indeed, let us assume the contrary, i.e., that the thesis of the corollary (10.61) does not hold. In other words, there is a subsequence (n_i, k_i) such that lim_{i→∞} | | | | g_{ni,ki} − ~G_{ki} (n_i) n^{β−1}_i | | | | = ∞ . (1.62)

Observe that n_i cannot be bounded. Indeed, if the subsequence n_i would be bounded, then the uniform boundness of G_k(z) (by our assumption (I)) on any compact set implies that the g_{n,k} are uniformly bounded if n_i are uniformly bounded (it suffice to bound the integrand in g_{n,k} =^{n!}_{2iπ} ∮ G_k(z)e^zz^{−n−1}dz), which contradicts (10.62). So assume now that n_i is unbounded and strictly increasing, and define for a nonnegative integer m ~Hm(z) = 0 m ≠ n_i ~Gk_i (z) m = ni . Then h_{ni,ni} = g_{ni,ki} for all i. Clearly, ~H_m(z) satisfies the assumptions of Theorem 10.13 (since it satisfies conditions (I) and (O) of the corollary, which imply conditions (I), (O) and (L) of Theorem 10.13). Thus, h_{ni,ni} = g_{ni,ki} = ~G_{ki} (n_i) + O(n^{β−1}_i ) which is the desired contradiction.

The next corollary is a direct consequence of Corollary 10.16 but since it finds many useful applications, we formulate it separately.

Corollary 1.17 Let ~G(z, u) satisfy the hypothesis of Theorem 10.3, i.e., for some numbers θ < π/2, A, B, ξ > 0, β, and α < 1 (I) and (O) hold for all u in a set U. Then

G_n(u) = ~G(n, u) + O(n^{β−1}) (1.63)

uniformly for u ∈ U.

Proof. This follows directly from Corollary 10.16. Since the set K in Corollary 10.16 is arbitrary we can set K = U, and then g_{n,u} = ∑ l≥0 g_{n,l}u^l = G_n(u) and ~G_u(z) = ~G(z, u). Thus (10.61) implies (10.63).

Example 1.11 Depth in PATRICIA

Let us consider the depth in a PATRICIA trie (cf. Section 1.1). The Poisson transform ~D(z, u) of the depth satisfies the following functional equation ~D(z, u) = u(p ~D(zp, u) + q ~D(zq, u)) + (1 − u)(p ~D(zp, u)e−qz + q ~D(zq, u)e−pz) .

Due to the factors e^{−qz} and e^{−pz} in front of ~D(z, u), the equation is more complicated than the ones we have seen so far. In fact, it does not have a simple explicit solution. Nevertheless, it falls under Theorem 10.5 with γ_1(z) = up + (1 − u)pe^{−qz}, γ_2(z) = uq + (1 − u)qe^{−pz} and t(z) = 0. Furthermore, for p ≠ q the asymptotic behavior of ~D(z, u) inside a cone S_θ (z → ∞) is determined by the first two terms in the right side of the above equation. Using Mellin transforms Rais et al. [346] proved that for large z the Poisson depth is normal (the reader is asked to provide details in Exercise 9), that is, for z large in a cone S_θ, and u = e^t, where t is complex we have: e^{−t} ~^{X(z)/σ(z)} ~D(z, e^{t/σ(z)}) = e^{t2/2}(1 + O(1/σ(z))), (1.64) where ~X(z) = O(log z) is the Poisson mean, and σ^2(z) = ~V (z) = O(log z) is the Poisson variance.

One must now depoissonize (10.64) in order to establish the central limit law for the Bernoulli model. First of all, an easy application of Theorem 10.14 leads us to E[D_n] ∼ ~X(n) and Var[D_n] ∼ ~V (n). In fact, from Szpankowski [404] we know that E[D_n] =^1_h log n + O(1) and Var[D_n] =^{h2−h2}_{h3} log n + O(1), where h = −p log p − q log q is the entropy, and h_2 = p log^2 p + q log^2 q. Thus we only need to depoissonize (10.64) in order to obtain the limiting distribution. We first observe, as in [346], that ~D(z, u) = O(z^ε) for any ε > 0 inside a cone S_θ (θ < π/2). This can be proved by simple induction. With the help of Theorem 10.5 we verify conditions (I) and (O) of Corollary 10.17 that finally yields:

Theorem 1.18 (Rais, Jacquet and Szpankowski, 1993) For complex t e^{−tE[Dn]/} √_{Var[Dn]} E [ e^{tDn/} √_{Var[Dn]}] = e^{t2/2}(1 + O(1/ √ log n)) ,

that is, (D_n − E[D_n])/ √ Var[D_n] converges in distribution and in moments to the standard normal distribution.

Other examples will be discussed in the application section below. 2

1.5 Applications

We discuss here three applications. First, we deal with the asymptotic distribution of the height in an incomplete trie associated with the leader election algorithm. Then we tackle the average and the variance of the depth in generalized b-digital search trees for two probabilistic models, namely, for biased memoryless and Markovian sources. The depth of b-DST was already discussed in Section 9.4.1 for the unbiased memoryless model. Extension to the biased memoryless model will require a new methodology, that of poissonization and depoissonization. Finally, further extension to the Markovian model will force us to consider systems of functional equations. This last application turns out to be the most sophisticated research problem of this book.

Figure 1.4: An incomplete trie for the elimination process starting with 7 players. 1.5.1 Leader Election Algorithm

This analysis is adopted from Fill at al. [122]. The following elimination process has several applications, such as the election of a leader in a computer network. A group of n people play a game to identify a winner by tossing fair coins. All players who throw heads are losers; those who throw tails remain candidates and flip their coins again. The process is repeated until a single winner is identified. If at any stage all remaining candidates throw heads, the tosses are deemed inconclusive and all remaining players participate in the next round of coin tossing.

We investigate the distribution of the height of a random incomplete trie, the discrete structure that underlies the elimination process described above. This binary incomplete tree can be described as follows. At the root of the tree we have one node labeled with all participants. After all the participants flip their coins for the first time, losers (if any) are placed in a leaf node that is attached to the root as a right child, and all candidate winners are placed in a node that is attached as a left child. Leaf nodes are terminal nodes that are not developed any further. The process repeats recursively on every left child until a single winner is identified. Figure 10.4 illustrates the discrete structure underlying the elimination process.

Our goal is to find the distribution of the height H_n of the associated incomplete trie.

We first use poissonization and then depoissonize the result to obtain exact and the limiting distribution of H_n. For each n ≥ 0, let

G_n(u) := ∞∑ k=0 Pr{H_n = k}u^k denote the probability generating function for the fixed-population height H_n (i.e., in the Bernoulli model). The starting point of our analysis is the following recurrence for G_n(u) G_n(u) = u2^{−n} n∑ k=1 ( n k ) G_k(u) + uG_n(u)2^{−n}, (1.65)

which is valid for n ≥ 2, with the boundary values G_0(u) = G_1(u) = 1. This is a standard equation for the depth in digital trees that we have already seen before, except that the associated trie is incomplete so the term G_{n−k}(u) does not appear. The additive term G_n(u)2^{−n} accounts for the fact that when all plays throw heads, then all of them still participate in the game (we must find a leader!).

We now consider the Poisson transform ~G(z, u) = ∑∞ n=0 e^{−z}G_n(u)^{zn}_{n!} of G_n(u), that satisfies the following functional equation ~G(z, u) = u(1 + e−z/2) ~G ( z 2 , u ) + e^{−z} [ (1 + z)(1 − u) − ue^{z/2} ] . (1.66)

To handle this recurrence, we introduce ~H(z, u) = ~G(z, u) 1 − e^{−z} , and obtain ~H(z, u) = u ~H ( z 2 , u ) + R(z, u), (1.67)

where R(z, u) := (1 + z)(1 − u) − ue^{z/2} e^z − 1 . The recurrence (10.67) can be solved by direct iteration, as we saw in Section 7.6.1, to obtain ~H(z, u) = ∞∑ k=0 R ( z 2^k , u ) u^k. (1.68)

We now start the process of depoissonizing the last equation so that Corolarry 10.16 can be applied. For this we need information about ~G(z, u) as z → ∞ in a linear cone and u in a compact set. Certainly, the Mellin transform is the right tool since the sum in (10.68) is a harmonic sum and Theorem 9.1 applies. Simple algebra (with the help of Table 10.1), shows that the Mellin transform ~H^∗(s, u) of ~H(z, u) is

~H∗(s, u) = Γ(s) ζ(s) + (1 − u) Γ(s + 1) ζ(s + 1) 1 − 2^su for 1 < ℜ(s) < − log |u|. We further assume that |u| <^1_2 . Since we are concerned here with the distribution function of H_N , where N is a Poisson random variable, rather than its probability mass function, our interest centers on the transform ~H∗(s, u) 1 − u = Γ(s) ζ(s) 1 − u + Γ(s + 1) ζ(s + 1) 1 − 2^su . This expression can be expanded immediately in a power series in u yielding

[u^k] ( ~H∗(s, u) 1 − u ) = Γ(s) ζ(s) + 2^{ks}Γ(s + 1) ζ(s + 1).

Inverting the transform gives ~H(z, u) 1 − u = ∞∑ k=0 u^k [ 1 e^z − 1 + z/2^k exp(z/2^k) − 1 ]

for z > 0. But_∞ ∑ k=0 Pr{H_{N(z)} ≤ k}u^k = ~G(z, u) 1 − u = (1 − e^{−z}) ~H(z, u) 1 − u , where N(z) is a Poisson distributed random variable with mean z. For each k = 0, 1, 2, . . . and z > 0 we have Pr{H_{N(z)} ≤ k} = e^{−z} + ( 1 − e^{−z} ) z/2k exp(z/2^k) − 1

. (1.69)

The relation (10.69) can be manipulated to get exact distribution. For any z > 0, Pr{H_{N(z)} ≤ k} = e^{−z} [ 1 + z 2^k e^z − 1 exp(z/2^k) − 1 ]

= e^{−z} 1 + z 2^k 2^k−1∑ j=0 exp(jz/2^k)

= e^{−z} 1 + 1

2^k 2^k−1∑ j=0 ∞∑ n=1 (j/2^k)^{n−1}z^n (n − 1)! = e^{−z} 1 + ∞∑ n=1 z^n n! n 2^{kn} 2^k−1∑ j=0 j^{n−1} .

43 Analytic Poissonization and Depoissonization

We give the exact distribution in Theorem 10.19 below.

But we are really after the limiting distribution, if it exists, of the Bernoulli version of the height, that is, H_n. We use the depoissonization Corollary 10.16. Let

p_{k,n} := Pr{H_n ≤ k} (1.70)

and then by (10.69) the Poisson transform ~P_k(z) of p_{k,n} is ~Pk(z) := e−z + (1 − e−z) z/2 k exp(z/2^k) − 1

. (1.71)

Although up until now the right side of (10.71) has arisen only as Pr{H_{N(z)} ≤ k} for real z ≥ 0, note that it defines an entire function of the complex variable z (by analytic continuation or the extension of the Mellin transform to complex plane as discussed in Section 9.3).

We must verify conditions (I) and (O) of Corollary 10.16. We may appeal to Theorem 10.5, however, for a change we check the conditions directly. To verify condition (I), we first observe that if 0 ≠ v ∈ S_θ, then |v| ≤ ℜ v/ cos θ and |e^v − 1| ≥ |e^v| − 1 = exp(ℜ v) − 1, so that | | | v e^v − 1 | | | ≤ (sec θ) ℜ v exp(ℜ v) − 1 ≤ sec θ. Thus for 0 ≠ z ∈ S_θ we have | ~P_k(z)| ≤ | |e−z | | + | |1 − e−z | | | | | | z/2^k exp(z/2^k) − 1 | | | | ≤ | |e−z | | + (sec θ) | |1 − e−z | | ≤ sec θ + (1 + sec θ) | |e−z | | ≤ sec θ + (1 + sec θ) exp(−ℜ z) ≤ 1 + 2 sec θ.

To verify condition (O), we first observe that if v /∈ S_θ, then ℜ v ≤ |v| cos θ. Thus for 0 ≠ z ∉ S_θ, we have from (10.71) | ~P_k(z)e^z | ≤ | | |1 + z 2^k × e^z − 1 exp(z/2^k) − 1 | | | ≤ 1 + |z| × 2^{−k} 2^k−1∑ r=0 | | |exp(rz/2k) | | |

Figure 1.5: The distribution function of H_{20} − ⌊log_2 20⌋ and the two continuous extremes. ≤ 1 + |z| × 2^{−k} 2^k−1∑ r=0 exp ( r2^{−k}|z| cos θ )

≤ 1 + |z| ∫ 1 0 exp(x|z| cos θ) dx = 1 + (sec θ) [exp(|z| cos θ) − 1] ≤ (sec θ) exp(|z| cos θ).

This verifies both of the conditions in Corollary 10.16 with β = 0, hence Pr{H_n ≤ j} = p_{j,n} = ~P_j(n) + O ( n^{−1} ) (1.72)

holds uniformly for integers j ≥ 0. But from (10.71) ~Pj(n) = e−n + (1 − e−n) n/2 j exp(n/2^j) − 1 . Setting j = ⌊log_2 n⌋ + k, we find that ~Pj(n) = e−n + (1 − e−n) 2 ⟨log_2 n⟩−k exp ( 2^{⟨log}2^{n⟩−k} ) − 1 = 2^{⟨log2 n⟩−k} exp ( 2^{⟨log}2^{n⟩−k} ) − 1 + O ( e^{−n} ) (1.73)

holds, uniformly in all integers k (≥ −⌊log_2 n⌋). We recall that ⟨log_2 n⟩ = log_2 n − ⌊log_2 n⌋.

We have thus proved the following result.

Theorem 1.19 (Fill, Mahmoud and Szpankowski, 1996) Consider an incomplete binary trie with n ≥ 1, and let B_j denote the jth Bernoulli number. (i) For any integer k ≥ 0, Pr{H_n ≤ k} = n 2^{kn} 2^k−1∑ j=0 j^{n−1} = n−1∑ j=0 ( n j ) B_j 2^{kj} . (1.74)

(ii) Uniformly over all integers k,

Pr{H_n ≤ ⌊log_2 n⌋ + k} = 2^{⟨log2 n⟩−k} exp(2^{⟨log}2^{n⟩−k}) − 1 + O ( 1 n )

as n → ∞. From part (ii) of the above theorem we conclude that the limiting distribution of H_n − ⌊log_2 n⌋ does not exist (due to the term ⟨log_2 n⟩). This is illustrated in Figure 10.5.

1.5.2 Depth in a b-Digital Search Tree for the Biased Memoryless Model We discuss here the same data structures as in Section 9.4.1, that is, b-digital search trees. However, this time we analyze it under the biased memoryless model, that is, for p ≠ q = 1−p. We concentrate on the depth D_m in a b-DST built over a fixed number, say m, of independent binary strings generated in which “0” and “1” occur respectively with probability p and q = 1 − p. Let B̄^k_m be the expected number of strings at level k of a randomly built b-digital search tree. Since Pr{D_m = k} = B̄^k_m/m (cf. Section 8.7.3), one can alternatively study the average B̄^k_m which is also called the average profile. Let B_m(u) = ∑ k≥0 B̄k_muk be the generating function of the average profile. As in Section 9.4.1, we argue that the average profile satisfies the following recurrence for all m ≥ 0

B_{m+b}(u) = b + u m∑ i=0 ( m i ) p^iq^{m−i} (B_i(u) + B_{m−i}(u)) , (1.75)

with the initial conditions

B_i(u) = i for i = 0, 1, . . . , b − 1 .

For b > 1 this recurrence does not have a closed–form solution. Therefore, we find an approach other than the one used in Section 9.4.1 for the unbiased model. We poissonize the model and study the Poisson transform ~B(u, z) = ∞∑ i=0 B_i(u) z^i i! e^{−z} (1.76) of B_m(u). We do so since the recurrence transforms to a slightly more manageable differential– functional equation, namely: ( 1 + ∂ ∂z )b ~B(u, z) = b + u ( ~B(u, pz) + ~B(u, qz) ) , where (1 +^∂_{∂z} )^bf(z) := ∑b i=0 (b i ) ∂if(z) ∂z^i . We shall study

~B(u, z) for z → ∞ in a cone around the real axis and u in a compact set around u = 1.

Our goal is to prove the following result.

Theorem 1.20 (Louchard, Szpankowski and Tang, 1999) Let D_m be the typical depth in a b-digital search tree built over m statistically independent strings generated by a biased memoryless source. Then

E[D_m] = 1 h log m + 1 h ( h_2 2h + γ − 1 − H_{b−1} − Δ(b, p) + δ_1(m, b) )

+ O ( log m m )

Var[D_m] = h_2 − h^2 h^3 log m + O(1),

where h = −p log p − q log q is the entropy of the Bernoulli(p) distribution, h_2 = p log^2 p + q log^2 q, γ = 0.577... is the Euler constant, while H_{b−1} = ∑b−1 i=1 1 i , H_0 = 0 are harmonic numbers. The constant Δ(b, p) can be computed as follows Δ(b, p) = ∞∑ n=2b+1 f̄_n^b ∑ i=1 (i + 1)b! (b − i)!n(n − 1) · · · (n − i − 1) < ∞, where f̄_n is given recursively by

f_{m+b} = m + ∑m i=0 (m i ) p^iq^{m−i}(f_i + f_{m−i}), m > 0, f_0 = f_1 = ... = f_b = 0, f̄_{m+b} = f_{m+b} − m > 0, m ≥ 1. (1.77)

Finally, δ_1(x, b) is a fluctuating function with a small amplitude (cf. (10.89)) when (log p)/(log q) is rational, and lim_{x→∞} δ_1(x, b) = 0 otherwise.

The rest of this subsection is devoted to proving Theorem 10.20. We apply the Mellin transform and depoissonization methods. Observe that B_m(1) = m, E[D_m] = B^′_m(1)/m, and B^{′′}_m(1)/m = E[D_m(D_m − 1)] = Var[D_m] − E[D_m] + E[D_m]^2. Thus

Var[D_m] =

B^{′′}_m(1) m + B^′_m(1) m − ( B^′_m(1) m )2 .

Let ~X(z) := ~B_u(1, z) and ~W (z) := ~B_{uu}(1, z) be, respectively, the mean and the second factorial moment of the depth in the Poisson model. Using (10.76), we obtain ( 1 + ∂ ∂z )b ~X(z) = z + ~X(pz) + ~X(qz) , (1.78) ( 1 + ∂ ∂z )b ~W (z) = 2 ( ~X(pz) + ~X(qz) ) + ( ~W (pz) + ~W (qz) ) . (1.79)

We plan to apply the Mellin transform to find the asymptotics of ~X(z) and ~W (z) as z → ∞ (first as x = ℜ(z) → ∞ and then we analytically continue to the complex plane). Due the appearance of the derivative in (10.78) – (10.79), we rather do not find directly the Mellin transforms X(s) and Y (s) of ~X(z) and ~W (z), but shall seek X(s) and Y (s) in the following forms

X(s) = M[ ~X(z); s] = Γ(s)γ(s) , (1.80) Y (s) = M[~W (z); s] = Γ(s)β(s), (1.81)

where γ(s) and β(s) are to be computed. They exist in the proper strips, as proved below.

Lemma 1.21 . The following is true: (i) X(s) exists for ℜ(s) ∈ (−b − 1, −1), and Y (s) is defined for ℜ(s) ∈ (−2b − 1, −1).

(ii) Furthermore, γ(−1 − i) = 0 for i = 1, . . . , b − 1, γ(−1 − b) = (−1)^{b+1}, and β(−1 − i) = 0 for i = 1, . . . , b, and γ(s) has simple poles at s = −1, 0, 1, . . . .

Proof: By recurrence (10.75), we have B_i(u) = i for i = 0, 1, . . . , b, and thus B_i(u) = b + (i − b)u for i = 1 + b, . . . , 2b. Taking derivatives, we obtain^{∂Bi(u)}_{∂u} = 0 for i = 0, 1, . . . , b and^{∂Bi(u)}_{∂u} = i − b for i = b, 1 + b, . . . , 2b. Furthermore, the second derivative becomes

∂^2B_i(u) ∂u^2 = 0 for i = 0, 1, . . . , 2b. Hence, for z → 0 ~X(z) = ( z^{b+1}/(b + 1)! + 2z^{b+2}/(b + 2)! + 3z^{b+3}/(b + 3)! + O(z^{b+4}) ) e^{−z} , = z^{b+1}/(b + 1)! + O(z^{b+2}) as z → 0 ~W (z) = O(z2b+1) as z → 0 . On the other hand, for z → ∞ we conclude from (10.78) and (10.79) that ~X(z) = O(z log z) and ~W (z) = O(z log^2 z). Thus the first part of the lemma is proven. Part (ii) follows directly from the lemma below and (10.86).

Lemma 1.22 Let {f_n}^∞_{n=0} be a sequence of real numbers having the Poisson transform ~F (z) = ∑∞n=0 fn z^n n! e^{−z}, which is an entire function. Furthermore, let its Mellin transform F (s) have the following factorization F (s) = M[ ~F (z); s] = Γ(s)γ(s).

Assume that F (s) exists for ℜ(s) ∈ (−2, −1), and that γ(s) is analytic for ℜ(s) ∈ (−∞, −1). Then γ(−n) = n∑ k=0 ( n k ) (−1)^kf_k, for n ≥ 2. (1.82)

Proof: Let sequence {g_n}^∞_{n=0} be such that ~F (z) = ∑∞ n=0 g_n^{zn}_{n!} , that is,

g_n = n∑ k=0 ( n k ) (−1)^{n−k}f_k , n ≥ 0 . Define for some fixed M ≥ 2, the function ~F_M (z) = ∑M−1 n=0 g_n^{zn}_{n!} . Due to our assumptions, we can continue F (s) analytically to the whole complex plane except s = −2, −3, . . . . In particular, for ℜ(s) ∈ (−M, −M + 1) we have F (s) = M[ ~F (z) − ~F_M (z); s]. (The above is true since a polynomial in z, such as ~F_M (z), can only shift the fundamental strip of the Mellin transform but cannot change its value, as we saw in Section 9.2.) As s → −M, due to the factorization F (s) = Γ(s)γ(s), we have

F (s) = 1 s + M (−1)^M M! γ(−M) + O(1) ;

thus by the inverse Mellin transform, we have ~F (z) − ~FM (z) = (−1) M M! γ(−M)z^M + O(z^{M+1}) as z → 0 . (1.83) But ~F (z) − ~FM (z) = ∞∑ i=M g_n z^n n! = g_M z^M M! + O(z^{M+1}) . (1.84)

Comparing (10.83) and (10.84), shows that γ(−M) = (−1)^M g_M = ∑M k=0 (M k ) (−1)^kf_k for M ≥ 2. Now we are in a position to compute the Mellin transforms of ~X(z) and ~W (z). From (10.78)–(10.81) we obtain b∑ i=0 ( b i ) (−1)^iγ(s − i) = (p^{−s} + q^{−s})γ(s) , b∑ i=0 ( b i ) (−1)^iβ(s − i) = 2(p^{−s} + q^{−s})γ(s) + (p^{−s} + q^{−s})β(s) , and, by Lemma 10.21, γ(s) exists at least for ℜ(s) ∈ (−b − 1, −1), while β(s) is well defined in the strip ℜ(s) ∈ (−2b − 1, −1). To simplify the above, we define, for any function g(s), ^g(s) = b∑ i=1 ( b i ) (−1)^{i+1}g(s − i), (1.85)

provided g(s − 1), . . . , g(s − b) exist. Then γ(s) = 1 1 − p^{−s} − q^{−s} b∑ i=1 ( b i ) (−1)^{i+1}γ(s − i) = 1 1 − p^{−s} − q^{−s} ^γ(s) (1.86) β(s) = 1 1 − p^{−s} − q^{−s} ^β(s) + 2(p −s + q^{−s}) (1 − p^{−s} − q^{−s})^2

^γ(s) . (1.87)

Let s_k, k = 0, ±1, ±2, . . ., be roots of 1 − p^{−s} − q^{−s} = 0. Observe that s_0 = −1. We need to know precisely the locations of the roots s_k. Fortunately, we already studied this problem in Lemma 8.22. At s = s_k we have 1 1 − p^{−s} − q^{−s} = − 1 h(s_k) 1 s − s_k + h_2(s_k) 2h^2(s_k)

+ O(s − s_k), (1.88)

where h(t) = −p^{−t} log p − q^{−t} log q, h_2(t) = p^{−t} log^2 p + q^{−t} log^2 q.

Expanding Γ(s)^γ(s) around s = s_k, we find that

Γ(s)^γ(s) = Γ(s_k)^γ(s_k) + ( Γ(s_k)^γ^′(s_k) + Γ^′(s_k)^γ(s_k) ) (s − s_k) + O((s − s_k)^2) .

Therefore, since X(s) = Γ(s)γ(s) =^1_{1−p−s−q−s} Γ(s)^γ(s), we obtain X(s) = − 1 s − s_k Γ(s_k) h(s_k) ^γ(sk) + h_2(s_k) 2h^2(s_k)

Γ(s_k)^γ(s_k) − 1 h(s_k) ( Γ(s_k)^γ^′(s_k) + Γ^′(s_k)^γ(s_k) ) + O(s − s_k) . In a similar manner, from (10.87) we have

Y (s) =

2Γ(s_k)^γ(s_k) h^2(s_k) 1 (s − s_k)^2 + ( 2Γ^′(s_k)^γ(s_k) h^2(s_k) − Γ(s_k) h(s_k) ^β(sk)

− 2Γ(s_k) h_2(s_k) − h^2(s_k) h^3(s_k) ^γ(sk) − 2Γ(s_k)^γ^′(s_k) h^2(s_k) ) 1 s − s_k + O(1).

On the other hand, from (10.88) and (10.86) at s = s_0 = −1, we find that γ(s) = − 1 h 1 s + 1 + h_2 2h^2 − ^γ′(−1) h + O(s + 1), β(s) = 2 h^2 1 (s + 1)^2 + ( −2 h_2 − h^2 h^3

+ 2^γ^′(−1) 1 h^2 ) 1 s + 1

+ O(1) .

In the above, we used the fact that ^γ(−1) = 1 and ^β(−1) = 0, which follows directly from Lemma 10.21. But Γ(s) = −^1_{s+1} + (γ − 1) + O(s + 1); hence the Laurent expansion of X(s) at s = −1 is

X(s) = Γ(s)γ(s) = 1 h 1 (s + 1)^2 − ( h_2 2h^2 − 1 h ^γ′(−1) + γ − 1 h ) 1 s + 1

+ O(1) .

We now use the reverse mapping Theorem 9.2 to find asymptotically ~X(z) and ~W (z) for z → ∞ in a cone S_θ (we again use either analytic continuation or the extension to the complex plane of the Mellin transform as discussed in Section 9.3). However, to estimate the error term we note that γ(s) has additional simple poles at s = 0, 1, . . . . The pole at s = 0 is a double pole of X(s) = Γ(s)γ(s), and thus its contribution to ~X(z) is O(log z). Putting everything together, we finally arrive at ~X(z) = 1 h z log z + ( h_2 2h^2 − 1 h ^γ′(−1) + γ − 1 h ) z (1.89) + ∑ k≠0 Γ(s_k)^γ(s_k) h(s_k) z^{−sk} + O(log z). Similarly, at s = −1, Y (s) = − 2 h^2 1 (s + 1)^3 + 2 h ( h_2 − h^2

h^2 − 1 h ^γ′(−1) + γ − 1 h ) 1 (s + 1)^2 + O ( 1 s + 1 ) . In addition, there is a double pole at s = 0, and hence by the reverse mapping Theorem 9.2 and Lemma 8.22 we obtain

~W (z) = 1 h^2 z log^2 z + 2 h ( h_2 − h^2 h^2 − 1 h ^γ′(−1) + γ − 1 h ) z log z +2 ∑ k≠0 Γ(s_k)^γ(s_k) h^2(s_k) z^{−sk} log z + O(z)

for z → ∞, where O(z) error term comes from the term O((s + 1)^{−1}). This formula will allow us to infer the asymptotics of the variance of D_m.

The final step is depoissonization. We shall use Theorem 10.3. To verify conditions (I) and (O) we need a slight extension of Theorem 10.5. Condition (I) follows from (10.89), thus we need only verify (O). We consider only ~X(z). Let X(z) = ~X(z)e^z. Then the functional equation (10.78) transforms into X^{(b)}(z) = X(zp)e^{zq} + X(zq)e^{zp} + ze^z, where X^{(b)}(z) denotes the bth derivative of X(z). Observe that the above equation can be integrated to yield X(z) = ∫ z 0 ∫ w_1 0 · · · ∫ w_{b−1} 0 b times

(X(w_1p)e^{w1q} + X(w_1q)e^{w1p} + w_1e^{w1} ) dw_b · · · dw_2dw_1, (1.90)

where the integration is along lines in the complex plane.

We now prove that |X(z)| ≤ e^{α|z|} for z /∈ S_θ for α < 1. We use induction over increasing domains as discussed in Theorem 10.5. That is, for all positive integers m ≥ 1 and constants ξ, δ > 0, let D_m = {z = ρe^{iϑ} : ρ ∈ [ξδ, ξν^{−m}], 0 ≤ ϑ < 2π}, where max{p, q} ≤ ν < 1 and δ ≤ min{p, q}. As we have already seen, such a representation enjoys the property that if z ∈ D_{m+1} − D_m then zp, zq ∈ D_m provided that |z| ≥ ξ, which is assumed to hold. To carry out the induction, we first define D̄_m = D_m ∩ S̄_θ, where S̄_θ denotes points in the complex plane outside S_θ. Since X(z) is bounded for z ∈ D̄_1, the initial step of induction holds. Let us now assume that for some m > 1 and for z ∈ D̄_m we have |X(z)| ≤ e^{α|z|} with α < 1. We intend to prove that |X(z)| ≤ e^{α|z|} for z ∈ D̄_{m+1}. Indeed, let z ∈ D̄_{m+1}. If also z ∈ D̄_m, then the proof is complete. Let us assume that z ∈ D̄_{m+1} − D̄_m. Since then zp, zq ∈ D̄_m, we can use our induction hypothesis together with the integral equation (10.90) to obtain the following estimate for |z| > ξ, where ξ is sufficiently large: |X(z)| ≤ |z|^{b+1} ( e^{|z|(pα+q cos θ)} + e^{|z|(qα+p cos θ)} + e^{|z| cos θ} ) . Let us now define 1 > α > cos θ such that the following three inequalities simultaneously hold: |z|^be^{|z|(pα+q cos θ)} ≤ 1 3 e^{α|z|} , |z|^be^{|z|(qα+p cos θ)} ≤ 1 3 e^{α|z|} , |z|^{b+1}e^{|z| cos θ} ≤ 1 3 e^{α|z|} . Then for z ∈ D̄_{m+1} we have |X(z)| ≤ e^{α|z|}, as needed to verify condition (O) of the depoissonization lemma.

In view of the above, we can apply the depoissonization Theorem 10.3 to ~X(z) and ~W (z) and obtain

E[D_m] = ~X(m) m + O ( log m m )

= 1 h log m + h_2 2h^2 − 1 h ^γ′(−1) + γ − 1 h + ∑ k≠0 Γ(s_k)^γ(s_k) h(s_k) m^{−1−sk} + O ( log m m ) , and E[D_m(D_m − 1)] = ~W (m) m + O(1) = 1 h^2 log^2 m + 2 1 h ( h_2 − h^2 h^2 − 1 h ^γ′(−1) + γ − 1 h ) log m + 2 ∑ k≠0 Γ(s_k)^γ(s_k) h^2(s_k) m^{−1−sk} log m + O(1) .

After computing E[D_m]^2 we arrive at

Var[D_m] = ED_m(D_m − 1) + ED_m − (ED_m)^2 = h_2 − h^2 h^3 log m + 2 ∑ k≠0 Γ(s_k)^γ(s_k) h(s_k) ( 1 h(s_k) − 1 h ) m^{−1−sk} log m + O(1) .

If ℜ(s_k) = −1 for all k, then by Lemma 8.22 one can prove that h(s_k) = h (cf. Exercise 19). If ℜ(s_k) > −1, then m^{−1−sk} log m = o(1). Therefore, Var[D_m] =^{h2−h2}_{h3} log m + O(1). From Lemma 8.22 we know that ℜ(s_k) = −1 whenever (log p)/(log q) is rational, and otherwise ℜ(s_k) > −1. To complete the proof of Theorem 10.20 we evaluate the constant ^γ^′(−1). In passing we point out that the second-order term of E[D_m] plays an important role in some applications (e.g., the computation of the average code redundancy for the standard Lempel-Ziv scheme [296], and for k-resilient Lempel-Ziv codes, introduced recently by Storer and Reif [395]). Therefore, knowing its value, or providing a numerical algorithm to compute it, is of prime interest. But the second-order term depends on ^γ^′(−1), which can be also expressed as ^γ′(−1) = b∑ i=1 ( b i ) (−1)^{i+1}γ^′(−1 − i),

where γ(s)Γ(s) = M[ ~X(z); s]. Define the sequence {f_m}^∞_{m=0} from X̃(z) = ∑∞ m=0 f_m^{zm}_{m!} e^{−z}.

Since clearly f_m = E[D_m], it satisfies recurrence (10.77) of Theorem 10.20.

Assume first that b > 1. To compute ^γ^′(−1) we must find γ(s) in terms of computable quantities, such as f_n. We proceed as follows: γ(s) = 1 Γ(s) M[ ∞∑ n=b+1 f_n z^n n! e^{−z}; s] = ∞∑ n=b+1 f_n n! Γ(s + n) Γ(s)

= ∞∑ n=b+1 f_n n! s(s + 1) · · · (s + n − 1) .

We assume that ℜ(s) ∈ (−b − 1, −1) to assure the existence of the Mellin transform and the convergence of the above series. Then one easily derives

γ^′(s) = ∞∑ n=b+1 f_n n! s(s + 1) · · · (s + n − 1) n−1∑ i=0 1 s + i , s /∈ {−2, −3, . . . , −b} . After some algebra, we arrive at the following:

γ^′(−k) = (−1)^k ∞∑ n=b+1 f_n n! k!(n − k − 1)!, for k = 2, . . . , b,

γ^′(−b − 1) = (−1)^bH_{b+1} + (−1)^{b+1} ∞∑ n=b+2 f_n n! (b + 1)!(n − b − 2)! .

To estimate ^γ^′(−1) we find, after some tedious algebra, that ^γ′(−1) = b∑ i=1 ( b i ) (−1)^{i+1}γ^′(−i − 1) − 1 b − b b + 1 + A + Δ(b, p), where Δ(b, p) = ∞∑ n=b+2 f̄_n^b ∑ i=1 (i + 1)b! (b − i)!n(n − 1) · · · (n − i − 1) ,

A = ∞∑ n=b+2 (n − b) b∑ i=1 (i + 1)b! (b − i)!n(n − 1) · · · (n − i − 1) . (1.91)

We recall that f̄_{m+b} = f_{m+b} − m and f_m satisfies (10.77). The above series converge since the summands are O(log n/n^2). Finally, observe that f̄_{m+b} = 0 for m = 1, 2, . . . , b and f̄_i > 0 for i > 2b; hence Δ(b, p) = ∞∑ n=b+2 f̄_n^b ∑ i=1 (i + 1)b! (b − i)!n(n − 1)...(n − i − 1) = ∞∑ n=2b+1 f̄_n^b ∑ i=1 (i + 1)b! (b − i)!n(n − 1) · · · (n − i − 1) . It can be proved that A = H_b + b(1 + b)^{−1} (the reader is asked to verify this in Exercise 20), hence ^γ^′(−1) = H_{b−1} + Δ(b, p) as presented in Theorem 10.20.

The case b = 1 was already discussed in Section 8.7.3, where we found

Δ(1, p) = θ = − ∞∑ k=1 p^{k+1} log p + q^{k+1} log q

1 − p^{k+1} − q^{k+1} . This finally completes the proof of Theorem 10.20 for all b.

1.5.3 Depth in a Digital Search Tree with a Markovian Source We again analyze the depth in a digital search tree with b = 1. However, this time the strings are emitted by a Markovian source. More precisely, we assume that m sequences are generated independently by a Markov source over a finite alphabet A = {1, 2, . . . , V } with a positive transition matrix P = {p_{ij}}^V_{i,j=1} (i.e., p_{ij} > 0 for all i, j ∈ A) and a stationary vector ß = (π1, . . . , πV ). We build a digital search tree from m strings. Let I_i be the depth of insertion for the ith string, that is, the path length from the root to the node containing the ith string. As before, the typical depth D_m is defined as

Pr{D_m = k} = 1 m m∑ i=1 Pr{I_i = k}, and the average profile (in short: profile) B̄^k_m represents the average number of nodes at level k of the tree. Observe that B̄^k_0 = 0 for all k ≥ 0, and for m ≥ 1

Pr{D_m = k} = B̄k_m m . This and the definition of the typical depth immediately imply that Pr{I_{m+1} = k} = B̄^k_{m+1} − B̄^k_m, (1.92) with Pr{I_0 = 0} = 1 and Pr{I_0 = k} = 0 for all k ≥ 1. Throughout, we shall work with generating functions of the above quantities, that is, D_m(u) = E[u^{Dm} ] = ∑ k≥0 Pr{D_m = k}u^k, D_0(u) = 1,

I_m(i) = E[u^{Im} ] = ∑ k≥0 Pr{I_m = k}u^k, I_0(u) = 1,

B_m(u) = ∑ k≥0 B̄^k_mu^k B_0(u) = 0 for a complex u such that |u| < 1, and the Poisson transforms ~D(z, u) = ∑ m≥0 D_m(u) z^m m! e^{−z}, ~B(z, u) = ∑ m≥0 B_m(u) z^m m! e^{−z}, ~I(z, u) = ∑ m≥0 I_m(u) z^m m! e^{−z}. Observe that from (10.92), we have ∂ ~I(z, u) ∂z + ~I(z, u) = ∂ ~B(z, u) ∂z . Since D_m(u) = B_m(u)/m, we can recover all results on the depth of insertion I_m and on the typical depth, from the average profile B̄^k_m. Therefore, hereafter we concentrate on the analysis of the average profile.

To start the analysis, we derive a system of recurrence equations for the generating function of the average profile. Let B^i_m(u) for i ∈ A be the ordinary generating function of the average profile when all sequences start with symbol i. Let also p = (p_1, . . . , p_V ) be the initial probability vector of the underlying Markov chain, that is, Pr{X_0 = i} = p_i. (For the stationary Markov chain we have p = ß.) The probability that the first subtree of the root contains j_1 strings, the second subtree has j_2 strings, and so on until the V th subtree stores j_V strings is distributed as ( m j_1, . . . , j_V ) p^{j1}_1 · · · p^{jV}_V . But the ith subtree is a digital search tree itself of size j_i containing only those strings that start with symbol i. Hence, its average profile generating function must be B^i_{ji} (u). This leads to the following recurrence equation, assuming B_0(u) = 0

B_{m+1}(u) = 1 + u ∑ |j|=m ( m j ) p^{j1}_1 · · · p^{jV}_V ( B^1_{j1} (u) + · · · + B^V_{jV} (u) ) , (1.93)

where j = (j_1, . . . , j_V ), |j| = j_1 + · · · + j_V and for simplicity we write (m j ) = ( m j_1,...,j_V ) . Clearly, we can set up similar recurrences for the subtrees. That is,

B^i_{m+1}(u) = 1 + u ∑ |j|=m ( m j ) p^{j1}_{i1}...p^{jV}_{iV} ( B^1_{j1} (u) + · · · + B^V_{jV} (u) ) , for all i ∈ A, (1.94)

where B^i_0(u) = 0 for i ∈ A.

Before we present the main result, let us establish some notation. For a complex s we define Q(s) = I − P(s), where P(s) = {p^{−s}_{ij} }^V_{i,j=1}, where I is the identity matrix. In addition, we use the standard notation for the entropy of a Markov source, that is, h = − V∑ i=1 π_i V∑ j=1 p_{ij} ln p_{ij}, and for a probability vector p = (p_1, . . . , p_V ) we define

h_p = − V∑ i=1 p_i ln p_i.

We also write p(s) = [π^{−s}_1 , π^{−s}_2 , · · · , π^{−s}_V ], which becomes ß when s = −1.

Finally, for the matrix P(s) we define the principal left eigenvector ß(s), and the principal right eigenvector (s) associated with the largest eigenvalue λ(s) as

ß(s)P(s) = λ(s)ß(s),

P(s)(s) = λ(s)(s),

where ß(s)(s) = 1. Observe that ß(−1) = ß = (π_1, . . . , π_V ), (−1) = = (1, . . . , 1), and λ(−1) = 1. For a function, vector or matrix A(s) we write Ȧ(s) =^d_{ds} A(s) and Ä(s) =^{d2}_{ds2} A(s). In Exercise 22 the reader is asked to check that λ̇(−1) = ßṖ(−1) = h, (1.95) λ̈(−1) = ßP̈(−1) + 2ß̇(−1)Ṗ(−1) − 2λ̇(−1)ß̇(−1). (1.96)

We now formulate the main result that we derive throughout the rest of this section.

Theorem 1.23 (Jacquet, Szpankowski and Tang, 2000) Let a digital search tree be built from m strings generated independently by a Markov stationary source with positive transition probabilities P = {p_{ij}}^V_{i,j=1}.

(i) [Typical Depth] For large m the following holds

E[D_m] = 1 λ̇(−1) ( ln m + γ − 1 + λ̇(−1) + λ̈(−1) 2λ̇^2(−1)

− ϑ − ß ˙(−1) + δ_1(ln m) )

+ O ( ln m m ) , (1.97)

Var[D_m] = λ̈(−1) − λ̇2(−1) λ̇3(−1) ln m + O(1). (1.98)

Here ϑ = ßẋ(−2) and

ẋ(−2) := ∞∑ i=1 ( Q^{−1}(−2) · · · Q^{−1}(−i)(Q^{−1}(s))^′|_{s=−i−1}Q^{−1}(−i − 2) · · · ) K, (1.99)

K = ( ∞ ∏ i=0 Q^{−1}(−2 − i) )−1 , (1.100)

where = (1, . . . , 1). The function δ_1(x) is a fluctuating function with a small amplitude when ln p_{ij} + ln p_{1i} − ln p_{1j}

ln p_{11} ∈ Q, i, j = 1, 2, . . . , V, (1.101) where Q is the set of rational numbers. If (10.101) does not hold, then lim_{x→∞} δ_1(x) = 0. (ii) [Depth of Insertion] The depth of insertion I_m behaves asymptotically as D_m, that is,

E[I_m] = 1 λ̇(−1) ( ln m + γ + λ̇(−1) + λ̈(−1) 2λ̇^2(−1)

− ϑ − ß ˙(−1) + δ_2(ln m) )

+ O ( ln m m )

Var[I_m] = Var[D_m] + O(1),

where δ_2(x) is a fluctuating function with the same property as δ_1(x).

The rest of this section is devoted to proving Theorem 10.23. The generating function B_m(u) of the average profile satisfies (10.93) with the initial vector p = ß. Observe that the conditional generating functions B^i_m(u) fulfill the system of recurrence equations (10.94). We shall first deal with (10.94). There is no easy way to solve these recurrences. Therefore, we transform them to the Poisson model. Let ~Bi(z, u) = ∞∑ n=1 B^i_n(u) z^n n! e^{−z}, i ∈ A

be the Poisson transform of B^i_m(u). In addition, we shall write ~B^i_z(z, u) :=^∂_{∂z} ~B^i(z, u) for the derivative of ~B^i(z, u) with respect to z. After some simple algebra, we have the following poissonized differential–functional equations of recurrences (10.93) and (10.94) ~Bz(z, u) + ~B(z, u) = u[ ~B1(u, π1z) + · · · + ~BV (u, πV z)] + 1, and ~Biz(z, u) + ~Bi(z, u) = u[ ~B1(u, pi1z) + · · · + ~BV (u, piV z)] + 1 for all i ∈ A.

We now concentrate on the evaluation of the first two moments of the depth. Thus we need the first two derivatives of ~B(z, u) with respect to u at u = 1. Noting that ~B^i(z, 1) = z, we have ~Bzu(z, 1) + ~Bu(z, 1) = z + [ ~B1u(1, π1z) + · · · + ~BVu (1, πV z)], ~Bizu(z, 1) + ~Biu(z, 1) = z + [ ~B1u(1, p11z) + · · · + ~BVu (1, p1V z)], i ∈ A, and ~Bzuu(z, 1) + ~Buu(z, 1) = 2[ ~B1u(1, π1z) + · · · + ~BVu (1, πV z)] + [ ~B^1_{uu}(1, π_1z) + · · · + ~B^V_{uu}(1, π_V z)], ~Bizuu(z, 1) + ~Biuu(z, 1) = 2[ ~B1u(1, p11z) + · · · + ~BVu (1, p1V z)] i ∈ A + [ ~B^1_{uu}(1, p_{11}z) + · · · + ~B^V_{uu}(1, p_{1V} z)] Our goal is to solve asymptotically (as z → ∞ in a cone around ℜ(z) > 0) the above two sets of functional equations using Mellin transforms. A direct solution through the Mellin transform does not work well, as we already saw in the previous section. Therefore, we factorize the Mellin transforms as follows B^∗_i (s) := M[B^i_u(z, 1); s] = Γ(s)x_i(s), i ∈ A B^∗(s) := M[B_u(z, 1); s] = Γ(s)x(s), C^∗_i (s) := M[B^i_{uu}(z, 1); s] = Γ(s)v_i(s), i ∈ A C^∗(s) := M[B_{uu}(z, 1); s] = Γ(s)v(s), where x_i(s), x(s), v_i(s) and v(s) are unknown. The lemma below establishes the existence of the above Mellin transforms. The reader is asked to prove it in Exercise 23 Lemma 1.24 The Mellin transforms B^∗_i (s), B^∗(s) and C^∗_i (s), C^∗(s) exist for ℜ(s) ∈ (−2, −1). In addition, x_i(−2) = 1, v_i(−2) = 0, i ∈ A, and x(−2) = 1, v(−2) = 0.

Using properties of Mellin transforms (cf. (M3) of Chapter 9) we obtain −(s − 1)B^∗(s − 1) + B^∗(s) = B^∗_1 (s)π^{−s}_1 + · · · + B^∗_V (s)π^{−s}_V , (1.102) −(s − 1)B^∗_i (s − 1) + B^∗_i (s) = B^∗_1 (s)p^{−s}_{11} + · · · + B^∗_V (s)p^{−s}_{1V} , i ∈ A, (1.103) and −(s − 1)C�(s − 1) + C�(s) = 2[B�_1 (s)π�^s_1 + · · · + B�_V (s)π�^s_V ] (1.104) + [C�1 (s)π�s1 + · · · + C�V (s)π�sV ], (1.105) −(s − 1)C�_i (s − 1) + C�_i (s) = 2[B�_1 (s)p�^s_{11} + · · · + B�_V (s)p�^s_{1V} ] (1.106) + [C�1 (s)p�s11 + · · · + C�V (s)p�s1V ], i ∈ A. (1.107)

Now set

x(s) = (x_1(s), . . . , x_V (s))^T , v(s) = (v_1(s), . . . , v_V (s))^T , b(s) = (B^∗_1 (s), . . . , B^∗_V (s))^T , c(s) = (C^∗_1 (s), . . . , C^∗_V (s))^T ,

where T denotes transpose. Using Γ(s) = (s − 1)Γ(s − 1), we can rewrite the above equations as x(s) − x(s − 1) = P(s)x(s), v(s) − v(s − 1) = 2P(s)x(s) + P(s)v(s).

Thus

x(s) = Q^{−1}(s)x(s − 1) = ( ∞ ∏ i=0 Q^{−1}(s − i) ) K, (1.108)

v(s) = 2Q^{−1}(s)P(s)x(s) + Q^{−1}(s)v(s − 1). (1.109)

We recall that Q = I − P, I is the identity matrix, and K is defined in (10.100). The formula for K follows from Lemma 10.24 (i.e., x(−2) = (1, . . . , 1)^T ) and (10.108).

Thus far we have obtained the Mellin transforms of the conditional generating functions ~Bi(z, 1). In order to obtain the composite Mellin transform B∗(s) and C∗(s) of ~Bu(z, 1) and ~Buu(z, 1), we use to (10.102) and (10.104) and, after some algebra, we finally obtain

B^∗(s) = p(s)b(s) + Γ(s)x(s − 1), (1.110) C^∗(s) = 2p(s)b(s) + p(s)c(s) + Γ(s)v(s − 1), (1.111)

where p(s) = (π^{−s}_1 , . . . , π^{−s}_V ). We shall see that the dominant asymptotics of B^∗(s) and C^∗(s) follow from the asymptotics of b(s) and c(s), and these depend on the singularities of Q(s), which we discuss next.

We now prove the following lemma that characterizes the location of singularities of Q(s). It extends the Jacquet-Schachinger Lemma 8.22 to Markovian sources.

Lemma 1.25 (Tang 1996) Let Q(s) = I − P(s) and P(s) = {p^{−s}_{ij} }_{i,j∈A}. Let s_l denote the singularities of Q(s), where l ∈ Z is an integer. Then:

(i) Matrix Q(s) is nonsingular for ℜ(s) < −1, and s_0 = −1 is a simple pole. (ii) Matrix Q(s) has simple poles on the line ℜ(s) = −1 if and only if ln p_{ij} + ln p_{1i} − ln p_{1j} ln p_{11} ∈ Q, i, j ∈ A, (1.112)

where Q is the set of rational numbers. These poles have the following representation s_l = −1 + lθi, where θ = n_1 n_2 | | | | 2π ln p_{11} | | | | , for integers n_1, n_2 such that { |^{n1}_{n2 ln p11} (ln p_{ij} + ln p_{1i} − ln p_{1j})| }V ij=1 is a set of relative primes.

(iii) Finally, Q(−1 + lθi) = E^{−l}Q(−1)E^l,

where E = diag(1, e^{θ12 i}, . . . , e^{θ1V i}) is the diagonal matrix with θ_{ik} = −θ ln p_{ik}.

Proof. Observe that for ℜ(s) < −1, |1 − p^{−s}_{ii} | ≥ 1 − |p^{−s}_{ii} | > 1 − p_{ii} = ∑ j≠i p_{ij} ≥ ∑ j≠i |p^{−s}_{ij} |, (1.113) hence Q(s) is a strictly diagonally dominant matrix, and therefore nonsingular (cf. [198, 323]). We proceed with the proof of part (ii) of the lemma. For b ≠ 0 such that Q(−1+bi) is singular, let x = [x_1, x_2, ..., x_V ]^T ≠ 0 be a solution of Q(−1 + bi)x = 0, where

Q(−1 + bi) =

1 − p_{11}e^{ξ11i} −p_{12}e^{ξ12i} ... −p_{1V} e^{ξ1V i} −p_{21}e^{ξ21i} 1 − p_{22}e^{ξ22i} ... −p_{2V} e^{ξ2V i} . . . . . .. . . −p_{j1}e^{ξj1i} −p_{j2}e^{ξj2i} ... −p_{jV} e^{ξjV i} . . . . . .. . . −p_{V 1}e^{ξV 1i} −p_{V 2}e^{ξV 2i} ... 1 − p_{V V} e^{ξV V i} with ξ_{ik} = −b ln p_{ik}. Without loss of generality, suppose |x_1| = max{|x_1|, |x_2|, ..., |x_V |} ≠ 0 (since Q(−1 + bi) is singular). Then

(1 − p_{11}e^{ξ11i})x_1 − p_{12}e^{ξ12i}x_2 − · · · − p_{1V} e^{ξ1V i}x_V = 0,

implies that 1 − p_{11}e^{ξ11i} = p_{12}e^{ξ12i}x_2/x_1 + · · · + p_{1V} e^{ξ1V i}x_V /x_1.

But as in (10.113) |1 − p_{11}e^{ξ11i}| ≥ 1 − p_{11}, and |p_{12}e^{ξ12i}x_2/x_1 + ... + p_{1V} e^{ξ1V i}x_V /x_1| ≤ p_{12} + · · · + p_{1V} = 1 − p_{11}.

Thus 1 − p_{11}e^{ξ11i} = 1 − p_{11},

p_{12}e^{ξ12i}x_2/x_1 + · · · + p_{1V} e^{ξ1V i}x_V /x_1 = p_{12} + · · · + p_{1V} .

This implies that e^{ξ11i} = e^{ξ1ii}x_i/x_1 = 1,

and |x_i| = |x_j| for any i, j = 1, 2, . . . , V , so that e^{ξjj i} = 1 for all j. Define now ξ_i such that x_i/x_1 = e^{−ξ1ii} = e^{ξii}. Then −p_{j1}e^{ξj1i} − p_{j2}e^{ξj2i}e^{ξ2i} − · · · − p_{j(j−1)}e^{ξj(j−1)i}e^{ξj−1i} + (1 − p_{jj})e^{ξj i} − · · · − p_{jV} e^{ξjV i}e^{ξV i} = 0 for any 1 ≤ j ≤ V . Note that since −p_{j1} − p_{j2} − · · · − p_{j(j−1)} + 1 − p_{jj} − · · · − p_{jV} = 0 we must have e^{ξjii}e^{ξii}e^{−ξj i} = 1, and thus e^{ξjii} = e^{(ξj −ξi)i}. Hence, −b(ln p_{ji} + ln p_{1j} − ln p_{1i}) = 2πn_{ji} for some integer n_{ji}, and as a consequence (ln p_{ij} + ln p_{1i} − ln p_{1j})/ ln p_{11} is rational for any i, j = 1, 2, . . . , V.

To prove the second part of (ii), suppose b is such that |^b_{2π} (ln p_{ji} + ln p_{1j} − ln p_{1i})| are integers for any i, j = 1, 2, . . . , V. Then

Q(−1 + bi) =

1 − p_{11} −p_{12}e^{(ξ1−ξ2)i} · · · −p_{1V} e^{(ξ1−ξV )i} −p_{21}e^{(ξ2−ξ1)i} 1 − p_{22} · · · −p_{2V} e^{(ξ2−ξV )i} . . . . ... . . −p_{i1}e^{(ξi−ξ1)i} −p_{i2}e^{(ξi−ξ2)i} · · · −p_{iV} e^{(ξi−ξV )i} . . . . ... . . −p_{V 1}e^{(ξV −ξ1)i} −p_{V 2}e^{(ξV −ξ2)i} · · · 1 − p_{V V} = [diag(1, e^{−ξ2} , e^{−ξ3} , . . . , e^{−ξV} )]^{−1}Q(−1)diag(1, e^{−ξ2} , e^{−ξ3} , . . . , e^{−ξV} ).

Since Q(−1) is singular, so is Q(−1 + bi). Hence s = −1 + bi is a pole of Q(s) if and only if |^b_{2π} (ln p_{ji} + ln p_{1j} − ln p_{1i})| are integers for any i, j = 1, 2, . . . , V. Since {|^θ_{2π} (ln p_{ij} + ln p_{1i} − ln p_{1j})|}^V_{ij=1} is a set of relative primes, we have b = lθ for some integer l. Thus part (ii) is proved. Part (iii) follows from our previous analysis.

Observe that for the memoryless case we have p_{ji} = π_i, and condition (10.112) becomes

ln π_i ln π_j ∈ Q for all i, j. This agrees with Lemma 8.22.

Now, we are prepared to prove (10.97)–(10.98) of Theorem 10.23. We first consider the mean. The starting point is (10.108), which we rewrite as

x(s) = Q^{−1}x(s − 1) = ∞∑ k=0 P^k(s)x(s − 1).

We denote by λ(s), μ_2(s), . . . , μ_V (s) the eigenvalues of P(s). By the Perron-Frobenius Theorem 4.5 we know that |λ(s)| > |μ_1(s)| ≥ · · · ≥ |μ_V (s)| (recall that we assumed that p_{ij} > 0 for all i, j ∈ A). The corresponding left eigenvectors are ß(s), ß_2(s), . . . , ß_V (s) while the right eigenvectors are (s), _2(s), . . . , _V (s). We write here ⟨x, y⟩ for the scalar product of the vectors x and y.

Using the spectral representation of P(s) (cf. Table 4.1) we obtain

P^k(s)x(s − 1) = λ^k(s)⟨ß(s), x(s − 1)⟩(s) + V∑ i=2 μ^k_i (s)⟨ß_i(s), x(s − 1)⟩_i(s).

Thus b(s) = Γ(s)x(s) becomes

b(s) = Γ(s)⟨ß(s), x(s − 1)⟩(s) 1 − λ(s) + V∑ i=2 Γ(s)⟨ß_i(s), x(s − 1)⟩_i(s) 1 − μ_i(s)

. (1.114)

To obtain the leading order asymptotics of B^∗(s) = p(s)b(s) + Γ(s)x(s − 1) (cf. (10.110)), we need Laurent’s expansion of the above around the roots of λ(s) = −1. Observe that the second term of (10.114) contributes o(m) since λ(s) is the largest eigenvalue, hence we ignore this term. To simplify the presentation, we only deal here with the root s_0 = −1. The other singularities are handled in the same way as in the previous section. We use our previous expansions for x(s − 1) and Γ(s) together with 1 1 − λ(s) = −1 λ̇(−1) 1 s + 1 + λ̈(−1) 2λ̇^2(−1)

+ O(s + 1),

(s) = +^˙(−1)(s + 1) + O((s + 1)^2).

This finally leads to

B^∗(s) = −1 λ̇(−1) 1 (s + 1)^2 + 1 s + 1 ( ⟨ß, ẋ(−2)⟩ λ̇(−1) − γ − 1 λ̇(−1) + ⟨p(−1), ˙(−1)⟩ λ̇(−1) + λ̈(−1) 2λ̇^2(−1) − 1 ) + O(1).

After finding the inverse Mellin transform and depoissonizing, we obtain (10.97) for the mean E[D_m].

Finally, we turn our attention to the second factorial moment and the variance. We need to study c(s) = Γ(s)v(s), where v(s) = 2Q^{−1}(s)P(s)x(s) + Q^{−1}(s)v(s − 1). As before, we obtain

c(s) = 2Γ(s)⟨ß(s), x(s − 1)⟩⟨ß(s), P(s)(s)⟩(s) (1 − λ(s))^2 + O ( (1 − λ(s))^{−1} ) . A calculation similar to that for b(s) leads to

c(s) = −2 λ̇2(−1) 1 (s + 1)^3 + 1 (s + 1)^2 ( λ̈(−1) 2λ̇^3(−1) + 2 γ − 1 − ⟨ß, ẋ(−2)⟩ − ⟨p(−1), ˙(−1)⟩ − λ̇(−1) λ̇2(−1) )

+ O ( 1 s + 1 ) . This is sufficient to prove (10.98), after some tedious algebra that was done using Maple. Details of the proof can be found in Jacquet et al. [218].

1.6 Extensions and Exercises

1.1 Prove properties (P1)-(P3) of the Poisson process.

1.2 Let S_n be the size of a trie built over n independent strings generated by a memoryless source. Define S_n(u) = E[u^{Sn} ] and let ~S(z, u) be the Poisson transform of S_n(u). Prove that ~S(z, u) = u ~S(zp, u) ~S(zq, u) + (1 − u)(1 + z)e−z.

1.3 Let g_n = n(n − 1) · · · (n − k + 1). First show that ~G(z) = z^k. Next prove directly the general depoissonization result (as in Theorem 10.6) in this case, and show that the coefficients b_{ij} defined in (10.40) are equal to b_{ij} = 1 j! s_2(j, i), where s_2(n, k) are related to Stirling’s number of first kind, and defined via ∑ n,k s_2(n, k)t^nu^k/n! = e^{−tu}(1 + t)^u (cf. Comtet [69]).

1.4 Consider g_{n,k} = 1 + n! (k + log k)^n . Find its Poisson transform and decide whether the analytic depoissonization will work in this case. Explain your answer. If you cannot justify it, read carefully Theorem 10.13 and see if you can apply it to this case.

1.5 4! (Jacquet and Szpankowski 1989) Consider the functional equation discussed in

Example 5, that is, ~C(z) = ( 1 + (1 + z/2)e^{−z/2} ) ~C(z/2). Establish asymptotics (10.36) of ~C(z) as z → ∞ in a cone S_θ around the real axis. In particular, compute the constant D that appears in the asymptotic expansion of ~C(z).

1.6 Consider the Laplace transform g^⋆(s) of a function g(x). Extend the definition of the Laplace transform to the complex plane (assuming g(x) can be analytically continued to g(z)). The reader should use arguments similar to those we adopted Section 9.3, where we extended Mellin transforms to the complex plane. In particular, prove that if g(z) is an analytic continuation of g(x) in a cone S_θ, where θ < θ_0, then the inverse Laplace transform g^⋆(s) of the function g(z) exists in a bigger cone S_{θ+π/2} for all θ < θ_0, provided that g(z) = O(z^β) in the cone S_{θ0} .

1.7 Prove Lemma 10.10.

1.8 Provide details of the proof of the diagonal depoissonization Theorem 10.15.

1.9 4! (Rais, Jacquet and Szpankowski 1993) Prove that the depth in a PATRICIA trie in

the Poisson model is normally distributed, that is, establish (10.64).

1.10 4! (Flajolet 1999) Use singularity analysis to derive the asymptotic expansion for Shannon entropy h_n of the binomial distribution, that is,

h_n = − n∑ k=0 ( n k ) p^kq^{n−k} log (( n k ) p^kq^{n−k} ) .

1.11 Let h_n(t) = exp(n(e^{it/√n} − 1 − it/ √ n))

(cf. Lemma 10.11). Prove that for all nonnegative integers k there exist ν_k such that for all t ∈ [− log n, log n],

h_n(t) = e^{−t2/2} 1 + 2k∑ i=3 k∑ j=1 ξ_{ij}t^in^{j−i/2} + O(ν_k log^{3(k+1)} n^{−(k+1)/2}) ,

where the coefficients ξ_{ij} are defined as ∑ ij≥0 ξ_{ij}x^iy^j = exp(y(e^{ix} − 1 − ix + 1 2 x^2)).

1.12 4! (Jacquet and Szpankowski 1998) The purpose of this exercise is to extend the general depoissonization Theorem 10.6 to the so–called polynomial cones C(D, δ) defined as follows: C(D, δ) = {z = x + iy : |y| ≤ Dx^δ , 0 < δ ≤ 1 , D > 0} . Observe that when δ = 1 the polynomial cone becomes a linear cone. Prove the following extension of Theorem 10.6.

Theorem 1.26 Consider a polynomial cone C(D, δ) with 1/2 < δ ≤ 1. Let the following two conditions hold for some numbers A, B, R > 0 and α > 0, β, and γ: (I) For z ∈ C(D, δ) |z| > R ⇒ | ~G(z)| ≤ B|z|^βΨ(|z|), where Ψ(x) is a slowly varying function, that is, for each fixed t lim_{x→∞}^{Ψ(tx)}_{Ψ(x)} = 1 (e.g., Ψ(x) = log^d x for some d > 0);

(O) For all z = ρe^{iθ} with θ ≤ π such that z /∈ C(D, δ) ρ = |z| > R ⇒ | ~G(z)e^z| ≤ Aρ^γ exp[(1 − αθ^2)ρ] , Then for every nonnegative integer m

g_n = m∑ i=0 i+m∑ j=0 b_{ij}n^i ~G^{⟨j⟩}(n) + O(n^{β−(m+1)(2δ−1)}Ψ(n))

= ~G(n) + m∑ k=1 k∑ i=1 b_{i,k+i}n^i ~G^{⟨k+i⟩}(n) + O(n^{β−(m+1)(2δ−1)}Ψ(n)), where b_{ij} are the coefficients defined in (10.40).

1.13 4! Prove the central limit theorem for the Poisson model. More specifically, establish the following result.

Theorem 1.27 Let X_N be a characteristic of the Poisson model with ~G(z, u) = Eu^{XN} , mean ~X(z) and variance ~V (z). Let the following hold for z → ∞ in a cone S_θ and for u belonging to a neighborhood U of u = 1 in the complex plane: log ~G(z, u) = O(A(z)), where A(z) is such that lim_{z→∞} A(z) ~V 3/2(z) = 0

and furthermore lim_{z→∞} ~V (z) = ∞. Then for complex τ ~G ( z, e^{τ/} √ ~V (z) ) e^{−τ} ~^{X(z)/} √ ~V (z) = e^{τ2}_2 ( 1 + O ( A(z) ~V 3/2(z) )) .

Thus X̄_N = (X_N − ~X(z))/ √ ~V (z) converges in distribution and in moments to the standard normal distribution.

1.14 4! (Jacquet and Szpankowski 1998) Prove the following extension of the depoissonization tool Theorem 10.13.

Theorem 1.28 Let ~G_k(z) be a sequence of Poisson transforms of g_{n,k}, and each ~G_k(z) is assumed to be an entire function of z. Let log ~G_k(z) exist in a cone S_θ. We suppose that there exists^1_2 ≤ β <^2_3 such that the following two conditions hold: (I) For all z ∈ S_θ such that for |z| = n | log ~G_n(z)| ≤ Bn^β for some constant B > 0.

(O) For all z /∈ S_θ such that |z| = n: | ~G_n(z)e^z| ≤ exp(n − An^α) for some α > β. Then for all ε > 0: g_{n,n} = ~G_n(n) exp[− n 2 (L^′_n(n))^2] ( 1 + O(n^{3β−2+ε}) ) , where L_n(z) = log ~G_n(z) and L^′_n(z) = ~G^′_n(z)/ ~G_n(z) is the first derivative of L_n(z).

1.15 4! Consider again the leader election algorithm discussed in Section 10.5.1. In this exercise the reader is asked to consider the mean E[H_n] and the variance Var[H_n] of the height H_n. Prove the following result.

Theorem 1.29 Define L := ln 2 and χ_k := 2πik/L.

(i) [Prodinger, 1993] The average height E[H_n] satisfies

E[H_n] = log_2 n + 1 2 − δ_1(log_2 n) + O ( 1 n ) , where δ_1(·) is a periodic function of magnitude ≤ 2 × 10^{−5}, given by

δ_1(x) := 1 L ∑ Z\{0} ζ(1 − χ_k) Γ(1 − χ_k) e^{2πikx}, and ζ(·) and Γ(·) denote Riemann’s zeta function and Euler’s gamma function, respectively.

(ii) [Fill, Mahmoud and Szpankowski, 1996] The variance Var[H_n] of the height satisfies

Var[H_n] = π^2 6 log^2 2 + 1 12 − 2γ_1 log^2 2 − γ^2 log^2 2

+ δ_2(log n) + O ( log n n )

= 3.116695 . . . + δ_2(log n) + O ( log n n ) . Here the constants (−1)^kγ_k/k!, k ≥ 0, are the Stieltjes constants defined as

γ_k := lim_{m→∞} ( m ∑ i=1 log^k i i − log^{k+1} m k + 1 ) . In particular, γ_0 = γ = 0.577215 . . . is Euler’s constant and γ_1 = −0.072815 . . . . The periodic function δ_2(·) has magnitude ≤ 2 × 10^{−4}.

1.16 4! (Janson and Szpankowski 1997) Extend the analysis of the leader election algorithm to biased coins, that is, assume that the probability of throwing a head is p ≠^1_2 .

1.17 5? Consider again the leader election algorithm discussed in Section 10.5.1 but this time the process stops when b leaders are selected. In other words, consider a b-incomplete trie version of the regular incomplete trie. Find the mean of the height (cf. Grabner [165]), the variance and the limiting distribution, if it exists.

1.18 4! (Kirschenhofer, Prodinger and Szpankowski 1996) Consider the generalized probabilistic counting, as discussed in Example 2 of Chapter 9. The quantity R_{n,d} determines the number of rounds before the algorithm terminates. Let G_n(u) = Eu^{Rn,d} , and ~G(z, u) be the probability generating function and its Poisson transform, respectively. Observe (cf. [252]) that ~G(z, u) = ufd(z/2) ~G(z/2, u) + (u − 1)(fd(z/2) − 1) , where f_d(z) = 1 − e_d(z)e^{−z} and e_d(z) = 1 +^{z1}_{1!} + · · · +^{zd}_{d!} is the truncated exponential function. Then prove the following result.

Theorem 1.30 (Kirschenhofer, Prodinger and Szpankowski, 1996) For any integer m Pr{R_{n,d} ≤ log_2 n + m − 1} = 1 − φ ( 2^{−m−⟨log2 n⟩} ) + O(n^{−1}),

where φ(z) = ∞∏ j=0 f_d(z2^j) = ∞∏ j=0 ( 1 − e_d(z2^j)e^{−z2j} )

and ⟨log n⟩ = log n − ⌊log n⌋.

1.19 Let h(t) = −p^{−t} log p − q^{−t} log q

and s_k be a root of 1−p^s −q^{−s} = 0 for k ∈ Z. Prove that if ℜ(s_k) = −1, then h(s_k) = h, where h is the entropy of Bernoulli(p).

1.20 Prove that the constant A defined in (10.91) simplifies to A = H_b + b(1 + b)^{−1}.

1.21 4! (Louchard, Szpankowski and Tang 1999) Consider again the b-digital search tree model in Section 10.5.2 and prove the following limiting distribution for the depth D_m.

Theorem 1.31 Let G_m(u) be the probability generating function of D_m (i.e., G_m(u) = E[u^{Dm} ]), μ_m = ED_m, and σ_m = √ Var D_m. Then for complex τ e^{−τμm/σm} G_m(e^{τ/σm} ) = e^{τ22} ( 1 + O ( 1 √ log m )) . Thus the limiting distribution of^{Dm−μm}_{σm} is normal, and it converges in moments to the appropriate moments of the standard normal distribution. Also, there exist positive constants A and α < 1 (that may depend on p and b) such that uniformly in k, and for large m Pr {| | | D_m − c_1 log m √ c_2 log m | | | > k } ≤ Aα^k, where c_1 = 1/h and c_2 = (h_2 − h^2)/h^3.

1.22 Prove (10.95) and (10.96).

1.23 Prove Lemma 10.24.

1.24 4! (Jacquet, Szpankowski and Tang 2000) Consider a digital search tree under the Markovian model (M) as in Section 10.5.3 and prove the following limiting distribution for the depth D_m D_m − E[D_m] √ VarD_m → N(0, 1), where N(0, 1) represents the standard normal distribution and E[D_m] and Var[D_m] are computed in Theorem 10.23.

1.25 4! (Jacquet, Szpankowski and Tang 2000) Extend Theorem 10.23 to a non-stationary Markov model.

1.26 Extend Theorem 10.23 to b-DST under the Markovian model.

1.27 4! (Jacquet, Szpankowski and Tang 2000) Using the analysis from Section 10.5.3, establish the mean, the variance and the limiting distribution for the phrase length in the Lempel-Ziv’78 scheme, when a string of length n is generated by a Markovian source.

1.28 5? Consider the digital search tree model in Section 10.5.3 with b = 1 and where strings are generated by m independent Markov sources. Let L_m be the total path length, that is, the sum of all depths. Prove that E[L_m] = mE[D_m] and Var[L_m] ∼ mVar[D_m], where E[D_m] and Var[D_m] were computed in Theorem 10.23. Then show that (L_m − E[D_m])/Var[D_m] tends to the standard normal distribution. Finally, prove similar results for the path lengths for regular tries and PATRICIA tries.

1.29 5? Consider the Lempel-Ziv’78 scheme, where a string of length n is generated by a Markovian source. Use the same notation as in Section 10.5.3. In particular, let

c_2 = λ̈(−1) − λ̇2(−1) λ̇3(−1) , where λ(s) is the principal eigenvalue of I − P(s). Prove that the number of phrases (M_n − E[M_n])/Var[M_n] tends to the standard normal distribution with

E[M_n] ∼ nh log n , Var[M_n] ∼ c_2h^3n log^2 n , where h is the entropy rate of the Markov source. This is an open and a very difficult problem.

Index

Abel summation formula, 266 Aldous, D., 67, 400 Alexander, K., 179 Algoet, P., 76, 143 Alignment, 7, 79, 178 Alon, N., 73, 77, 186 Alternating sum, 319, 321 Analytic function, 33 Andrews, G., 394 Apostol, T., 228 Arratia, R., 79, 84, 125, 400 Asymptotic Equipartition Property, 146 for biased distributions, 150 for jointly typical sequences, 148 for lossy case, 152 for typical sequences, 146 with distortion, 156 Atallah, M., 97 Autocorrelation polynomial, 239 Average profile, 342, 441, 450

Bell numbers, 208, 313 Bender, C., 269 Bender, E., 316, 332 Bernoulli inverse relations, 234 Bernoulli numbers, 202, 265 Bernoulli polynomials, 265 Beta function, 38

Biggins, J. D., 106 Bin packing, 111 Bingham, N. H., 400 Binomial inverse relations, 233, 236 Binomial sum, 209, 324 Bit rate, 159 Bollobás, B., 51 Borel transform, 220 Borel-Cantelli lemma, 31 Branch point, 288

Capetenakis, J., 417 Catalan numbers, 202, 204 Cauchy bound, 214 Cauchy integral theorem, 36, 214 Cauchy residue theorem, 35 Cayley trees, 211 Central limit theorem, 116, 332 local, 316 Channel capacity, 162 Channel code, 161 Chernoff bound, 118 Chvatal, V., 125 Clement, J., 400 Closing-the-box method, 228 Combinatorial structures labeled, 210 unlabeled, 198 Comtet, L., 194, 336, 337, 459 Conflict resolution algorithm, 417 Convergence, 31

almost sure, 31 in distribution, 32 in mean, 32 in moments, 32 in probability, 31

Cover, T., 75, 76, 138, 143, 162, 166 Csiszár, I., 138, 166, 381 Cumulant, 222

Danc̆ik, V., 101 Daniels, H., 316 Darboux method, 298 Data compression algorithms, 9 Lempel-Ziv’77, 9, 11, 171, 181 Lempel-Ziv’78, 11, 190, 465 De Bruijn, N. G., 103, 104, 132, 133, 255, 299, 309 Deken, J., 101 Delange formula, 246 Dembo, A., 122 Depoissonization, 107, 409 algebraic, 408 basic theorem, 410 diagonal, 431 Dirichlet, 420, 422 exponential, 424 full asymptotic expansion, 419 limiting distribution, 433 moments, 432 tool theorem, 428 Depth, 6

digital search tree, 324 suffix tree analysis, 171 trie, 57, 402 Derriennic, Y., 106 Devroye, L., 79, 95, 106, 271 Digital search tree, 5, 324 limiting distribution of depth Markovian source, 450 memoryless source, 342, 377, 441 recurrences, 236 Direct mapping theorem, 372, 385 Dirichlet series, 223 Distortion measures, 166 Divisor function, 225 Doob–Levy martingale, 133 Drmota, M., 276 Dumas, P., 358, 369, 373 Durrett, R., 105, 108, 121, 330, 331 Edit distance, 123 Ellis, R., 122 Entropy, 139, 325

conditional, 139 for binomial distribution, 423 generalized Rényi, 151 generalized Shannon, 171 joint, 139 Rényi, 140, 144 relative, 139 Erdős, P., 73, 103, 104, 132, 133 Euler product, 226 Euler-Maclaurin summation formula, 264, 267, 373, 391 Exponential change of measure, 120 Extreme distribution, 328

Factorial moments, 221 Fayolle, G., 415 Fedoryuk, M. V., 269, 272 Fekete, M., 100, 152 Feller, W., 330, 331 Fenchel–Legendre transform, 119 Fibonacci numbers, 202 Fill, J., 400, 436, 440

Fill-up level, 7, 395 First birth problem, 106 First moment method, 70 Flajolet, P., 194, 198, 210, 237, 238, 255, 271, 289, 290, 296, 300, 319, 324, 327, 332, 354, 355, 358, 369, 373, 378, 381, 400, 421– 423 Foata, D., 210 Fresnel integral, 301 Frieze, A., 179 Functional equations, 357, 363, 391 Gärtner, J., 122 Gärtner-Ellis theorem, 122, 189, 334 Gamma function, 37, 220, 229, 230, 245, 268, 291–293, 320, 321, 323, 325, 340, 359, 362–364, 371, 377, 381, 407, 421, 423, 438, 443, 445, 446, 448, 455, 458, 463 Gauss integral, 300 Generating function

cumulant, 118, 222 exponential, 207 moment, 222 ordinary, 195 probability, 221 Goncharov theorem, 330 Gonnet, G., 400, 408 Goulden, I., 198 Gourdon, X., 358, 369, 373 Graham, R., 194, 255 Greene, D., 116, 255, 316, 318

Hadamard theorem, 201, 283

Hankel contour integral, 291 Hardy, G.H., 78 Harmonic sum, 362, 368, 379, 385, 421, 438 Hayman, W.K., 312 Height, 7

of b-tries

for memoryless source, 82 limiting distribution, 273, 303, 351 of digital search trees, 91 of PATRICIA tries, 88, 370 of suffix trees, 92 of tries

for Markov source, 83 for memoryless source, 79 limiting distribution, 270 Hoeffding, V., 110, 116 Hofri, M., 67, 210, 358, 408 Holomorphic function, 34 Hubalek, F., 381 Hurwitz zeta function, 41 Hwang, H-K., 332, 353

Implicit function theorem, 215 Inclusion–exclusion principle combinatorial, 54 probabilistic, 50 Increasing domains method, 416, 447 Increasing subsequence, 106 Inequalities, 29

Bell, 65 Bernstein, 134 Berry-Essén, 331 Bonferroni, 53 Chebyshev, 30 Chung and Erdős, 71 Efron-Stein, 134 Fano, 163

Hölder’, 30 Hilbert, 31 Hoeffding, 110, 116 Jensen, 30 Kraft, 158, 339 Markov, 29 Minkowski, 30 on means, 30 Schwarz, 30

Jackson, D., 198 Jacquet, P., 84, 97, 321, 348, 355, 400, 418, 423, 435, 452 Janson, S., 400

Körner, J., 138, 166 Kac, M., 400 Karlin, S., 60, 68, 86, 200 Kesten, H., 87 Kieffer, J., 153, 189 Kingman, J.F.C., 82, 87, 105 Kirschenhofer, P., 343, 363, 365, 367, 400 Knapsack problem, 133 Knessl, C., 275, 304, 350, 351, 370 Knuth, D. E., 116, 194, 234, 235, 253–255, 316, 318, 320 Knuth–Morris–Pratt algorithm, 14, 125 Kontoyiannis, I., 183, 189 Kullback–Leibler distance, 139

Lagrange inversion formula, 215 Laplace formula, 52 Laplace method, 300, 301 Laplace transform, 413

of complex variable, 413 Large deviations, 120, 121, 316

Lauwerier, H., 302, 313 Leader election algorithm, 436 Lempel-Ziv’77, 9

fixed database, 10, 181, 190 generalized, 11 growing database, 10, 190 lossy, 14 phrase length analysis, 171 Lempel-Ziv’78, 11, 190, 465 generalized, 12 Levy continuity theorem, 330 Ligget, T., 105 Linearization, 273 Longest common subsequence, 21, 101 Louchard, G., 124, 324, 325, 346, 390, 442 Luczak, T., 153, 171, 175

Möbius

function, 55, 226 inversion formula, 55 Mahmoud, H., 108, 358, 440 Markov source, 26

finite state source, 26 hidden Markov, 26 unifilar source, 26 Martingale, 109 Martingale convergence theorem, 109 Martingale difference, 108 Marton, K., 144 Matched asymptotic expansions, 269 McDiarmid, C., 99 Meinardus lemma, 394 Mellin transform, 357, 421, 435, 437, 439, 442–444, 446, 449, 454, 455 extension to complex plane, 375 functional properties, 361 fundamental strip, 359 Memoryless source, 26 Merhav, N., 190 Meromorphic function, 35, 284 Mickiewicz, A., 149 Mikhailiov, V., 417 Mixing source, 27 Moment generating function, 117 Munro, I., 400, 408 Mutual information, 140

Nayfeh, A. H., 269, 272 Nicodéme, P., 238

Odlyzko, A., 254, 255, 283, 289, 290, 296, 300 Olver, F., 255, 269, 299 Optimization problems, 21 bottleneck, 22 capacity, 22 Order statistics, 58 Orlitsky, A., 186 Ornstein, D., 175 Orszag, S., 269 Ost, F., 60, 68, 86, 200

Pólya, G., 133 Partition of integers, 197, 199 Patashnik, O., 194, 255 Paterson, M., 101 Path length, 7 PATRICIA trie, 5

recurrences, 233 Pattern matching, 14

Morris-Pratt algorithm, 15 Knuth-Morris-Pratt algorithm, 14 occurrences, 72, 237, 285, 333, 355 Perron–Frobenius theorem, 85 Perron–Mellin formula, 230 Pittel, B., 79, 82, 84, 88, 90, 92, 96, 271 Poblete, P., 400, 408 Poincaré asymptotic expansion, 256 Poisson transform, 401

table of, 402 Poissonization, 107, 401

asymptotics, 403 Pole, 284 Polynomial coefficients, 336 Principle of stationary phase, 301 Prodinger, H., 343, 363, 365, 367, 400 Psi function, 40 Puiseux expansion, 289

Quicksort, 222

Régnier, M., 108, 125, 243, 250, 348, 355, 400 Rényi’s entropy, 140 Rais, B., 95, 400, 435 Ramanujan, S., 78, 364, 374 Random coding method, 163 Rate distortion code, 166 Rate distortion function, 166 information, 167 operational, 170 Rational function, 284 Recurrences, 232

digital search tree, 236 PATRICIA trie, 233 trie, 232 Redundancy, 159 average, 338 minimax, 339 minimax for memoryless source, 338 minimax for renewal processes, 381 pointwise, 338 Shannon code, 281 Reif, J., 448 Residue, 35, 262, 286, 319, 320, 363 Reverse mapping theorem, 369, 379, 386, 389, 393, 421, 446 Rice method, 319, 343, 345 Richmond, B., 237, 316, 332, 378 Riemann zeta function, 41, 224– 227, 231, 265, 362, 364, 365, 373, 386, 389, 392– 394, 426, 438, 463 Riemann-Lebesgue lemma, 298

Saddle point, 305 Saddle point approximation, 310 Saddle point method, 273, 299, 311, 316, 317, 324, 325, 338, 351, 387, 388, 393, 399, 408, 410 Salvy, B., 238 Sankoff, D., 125 Schachinger, W., 321 Schoissengeier, J., 365 Second moment method, 71 Sedgewick, R., 194, 198, 210, 255, 300, 319, 324, 327, 354, 355, 358 Self-overlapping words, 335 Sequences

(d, k), 287 distributed modulo 1, 276 Shannon theorem

channel coding, 162 rate distortion, 167 source coding, 160 Shannon, C., 157 Shannon-McMillan-Breiman theorem, 143 Shepp. L., 71 Shields, P., 144, 381 Shift of mean method, 120, 317 Shortest common superstring, 17, 177 Shortest depth, 7, 395 Shtarkov, Y., 218, 339, 340, 381 Singular expansion, 369 Size of a tree, 7 Soria, M., 332 Source code, 157, 158 Spencer, J., 73, 77 Stanley, R., 198 Stationary ergodic source, 28 Steele, M., 100, 101 Steepest descent method, 305 Stirling approximation, 268 Stirling numbers

first kind, 202, 211 second kind, 202, 204 Storer, J., 448 String editing, 20 Subadditive ergodic theorem, 105 Subadditivity property, 100 Suffix trees, 5 Szegő, G., 133 Szpankowski, W., 79, 84, 88, 95, 124, 125, 171, 175, 176, 179, 234, 243, 250, 275, 282, 320, 340, 346, 381, 400, 418, 423, 435, 440, 442, 452

Talagrand, M., 99 Tang, J., 390, 442, 452 Tavaré, S., 400 Thomas, J., 75, 138, 162, 166 Tichy, R., 276 Tree function, 217, 218, 297, 341, 384 Trie, 4

b-trie, 5 recurrences, 232 Tsybakov, B., 417 Turán, P., 78 Twisted distribution, 120 Typical depth, 6, 57

b-digital search tree, 377, 441 digital search tree, 342, 450 PATRICIA trie, 434

Unavoidable alignment position, 126 Vall’ee, B., 400 van der Waerden, B. L., 313, 354 Viola, A., 400, 408 Vitali theorem, 327

Waterman, M., 79, 84, 125 Watson lemma, 356 Weiss, B., 175 Weyl, H., 278 Wilf, H., 194, 210 WKB method, 269, 274 Wong, R., 255, 299, 306, 309 Wright, E. M., 387 Wyner, A., 171, 175, 183, 186

Yang, E-H., 153, 189

Zeitouni, O., 122 Ziv, J., 171, 175, 183, 190, 254